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THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


Tue one hundred and sixtieth regular meeting of the Society 
was held in New York City on Saturday, October 26, 1912, 
extending through the usual morning and afternoon sessions. 
The following fifty-two members were present: 

Professor R. C. Archibald, Professor M. J. Babb, Dr. 
F. W. Beal, Mr. A. A. Bennett, Professor W. J. Berry, Pro- 
fessor G. D. Birkhoff, Dr. Henry Blumberg, Professor Joseph 
Bowden, Professor E. W. Brown, Professor B. H. Camp, 
Dr. A. S. Chessin, Professor J. G. Coffin, Professor F. N. Cole, 
Dr. E. B. Cowley, Dr. H. B. Curtis, Dr. L. S. Dederick, 
Dr. L. L. Dines, Professor L. P. Eisenhart, Professor T. S. 
Fiske, Professor W. B. Fite, Professor Wilbert Garrison, 
Professor O. E. Glenn, Professor C. C. Grove, Professor 
H. E. Hawkes, Professor E. V. Huntington, Dr. Dunham 
Jackson, Mr. S. A. Joffe, Professor Edward Kasner, Pro- 
fessor C. J. Keyser, Mr. P. H. Linehan, Professor James 
Maclay, Dr. R. L. Moore, Professor W. F. Osgood, Mrs. 
Anna J. Pell, Professor James Pierpont, Dr. H. W. Reddick, 
Professor L. W. Reid, Professor R. G. D. Richardson, Pro- 
fessor L. P. Siceloff, Mr. C. G. Simpson, Mr. L. L. Smail, 
Professor D. E. Smith, Professor P. F. Smith, Professor Elijah 
Swift, Professor Henry Taber, Dr. E. H. Taylor, Professor 
C. B. Upton, Mr. C. E. Van Orstrand, Professor Vito Volterra, 
Mr. H. E. Webb, Professor H. S. White, Professor A. H. Wilson. 

The attendance also included Professor Emile Borel, of 
the University of Paris. Professors Borel and Volterra were 
among the foreign lecturers at the recent dedicatory exercises 
of the Rice Institute, Houston, Texas, and have since delivered 
lectures at several American universities. 

Vice-President Henry Taber occupied the chair during 
both sessions. The Council announced the election of the 
following persons to membership in the Society: Dr. Henry 
Blumberg, Brooklyn, N. Y.; Mr. J. M. Colaw, Monterey, Va.; 
Dr. F. M. Morgan, Dartmouth College; Dr. Louis O’Shaugh- 
nessy, University of Pennsylvania; Dr. C. T. Sullivan, 
McGill University. Five applications for membership were 
received. 
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A list of nominations of officers and other members of the 
Council, to be placed on the official ballot for the annual 
meeting, was adopted. A committee was appointed to audit 
the Treasurer’s accounts for the current year. 

The following papers were read at this meeting: 

(1) Dr. H. W. Reppicx: “ Systems of plane curves whose 
intrinsic equations are analogous to the intrinsic equation 
of an isothermal system.” 

(2) Dr. L. L. Dives: “ Note concerning a theorem on 
implicit functions.” 

(3) Dr. L. L. Drives: “ Singular points of space curves 
defined as the intersections of surfaces.” 

(4) Dr. E. T. Betz: “ On Liouville’s theorems concerning 
certain numerical functions.” 

(5) Dr. E. T. Bex: “ The representation of a number as a 
sum of squares.” 

(6) Mr. G. R. CLements: “ Implicit functions defined by 
equations with vanishing Jacobian. Supplementary note.” 

(7) Professor Epwarp Kasner: “ Note on contact trans- 
formations of space.” 

(8) Dr. E. H. Taytor: “ An extension of a theorem of 
Painlevé.” 

(9) Dr. L. S. Depericx: “On the character of a trans- 
formation in the neighborhood of a point where its Jacobian 
vanishes.” 

(10) Professor Viro VoLTERRA: “Some integral equa- 
tions.” 

(11) Professor W. F. Oscoon: “‘ Proof of the existence of 
functions belonging to a given automorphic group.” 

(12) Professor G. D. Birxnorr: “ Proof of Poincaré’s 
geometric theorem.” 

(13) Professor E. V. Huntrneton: “A set of postulates 
for abstract geometry, expressed in terms of the simple relation 
of inclusion.” 

(14) Dr. Dunnam Jackson: “ On the degree of convergence 
of related Fourier series.” 

(15) Mr. A. A. Bennett: “ Note on the solution of linear 
algebraic equations in positive numbers.” 

In the absence of the authors the papers of Dr. Bell and 
Mr. Clements were read by title. Abstracts of the papers 
follow below. The abstracts are numbered to correspond to 
the titles in the list above. 


( 


1913.] THE OCTOBER MEETING OF THE SOCIETY. 165 


1. Connected with a singly infinite system of plane curves 
are the four intrinsic quantities T, N, T;,and N;. T and N 
are the rates of variation of the curvature of a curve of the 
system along the curve itself and along an orthogonal curve 
respectively, while 7, and N, are the corresponding quantities 
for the orthogonal system. It is known that 7+ 7,=0 
is the intrinsic equation of an isothermal system. In this 
paper Dr. Reddick considers the twelve systems whose in- 
trinsic equations are formed by equating to zero the sums 
and differences of the four quantities T, N, T;, and N, taken 
in pairs. In particular the solution of the differential equation 
of the family of type T— 7; =0 admitting a group of 
translations is found and involves elliptic integrals. 


2. In the BULLETIN of last June, Mr. G. R. Clements stated 
(Theorem IV) a generalization of the Weierstrassian implicit 
function theorem. The theorem had to do with the number 
of solutions of a system of analytic equations 


and one part of the hypothesis was 


D(y1, Yo, Yp) 


= 0 when (x) = 0, (y) = 0, 


(3) Diy, Yo Yp) 0 when (x) 0, (y) 0, 


fa 


Dr. Dines calls attention to the fact that the hypotheses 
(3) are equivalent to 


J + 0 when (x) = 0, (y) = 0. 


fi is a power series of order k in y2, Yp3 
fi is a power series of order 1 in y1, y2, ---, Yp 
(A) (7 = 2, 3, p)3 


the resultant of the “ characteristic” polynomials of 
the power series f; does not vanish. 

If the assumptions (A) be substituted in place of (3), Mr. 
Clements’ Theorem IV becomes a simple but interesting 
corollary of Professor Bliss’s theorem published in the T'ransac- 
tions of last April. 
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The fact that conditions (A) imply conditions (3) furnishes 
a generalization of Theorem VI of Mr. Clements’ paper from 
two equations to p equations. 


3. In his second paper, Dr. Dines considers the singular 
points of curves defined by two equations ¢(z, y, z) = 0, 
v(x, y, 2) = 0, where ¢ and y are real functions of real vari- 
ables. If the functions can be expanded by Taylor’s theorem 
in the forms 


$(2, y, zZ) = y, 2) + R(x, y, 2), 
y, z) = Walz, y, z) + S(z, y, 2), 


where ¢, and y¥, are homogeneous polynomials of degrees 
m and n respectively, and R and S are the complementary 
remainders, then the nature of the singular point at the origin 
depends primarily upon the two homogeneous equations 
om = 0, Yn = 0. If dm and Y, have no common factor, 
then at most m — n real branches of the curve can pass through 
the origin. Criteria are obtained for determining the number 
of real branches through the origin and for detecting the 
presence of cusps; and methods are exhibited for analyzing the 
singularity. If ¢, and y, have a common factor of degree k, 
then the maximum number of real branches which can pass 
through the origin is mn + k. A method is given for reducing 
the investigation in this case to the solution of two equations 
in which the leading polynomials have no common factor. 
A special study is made of singular points of the second order. 


4. The theorems referred to in Dr. Bell’s first paper are 
those published by Liouville, Journal for 1857, four articles, 
and scattered papers relating to these in subsequent volumes. 
As stated by Liouville, the algebraic manipulations necessary 
for verifications are not always easy, and clearly the theorems 
were not found directly, but by a “simple and uniform 
method,” ete., which it is the object of this paper to set forth. 
First all of the theorems are proved directly from first prin- 
ciples, and then all are derived with a great many more by the 
multiplication and transformation of two or more series of 
the form =f(n)/n®™™, (n = 1, ---, ©), ¢ a constant, f, g two 
numerical functions; that is, by means of a modified zeta 
series. All of Liouville’s theorems are consequences of the 
fact that his generating function has been always chosen so 
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that it is factorable in the same way as Riemann’s zeta, and his 
numerical functions are all multiplicative for relatively prime 
values of the variable. By varying the forms of f and g, 
and assigning different values to s, new numerical functions 
are suggested, and theorems deduced. As Liouville remarks, 
the subject is inexhaustible, but the general principles he 
used are undoubtedly these. Generalizations may be found 
on replacing integers by norms of algebraic integers, primes 
by prime ideals, ete., and using the generalized zeta of Dede- 
kind and Hilbert in the same way. But all these generaliza- 
tions are included in that wherein numbers are replaced by 
classes, and the symbol of multiplication by the symbol 
indicating the greatest class common to two classes. In this 
way many curious relations are found. The other type of 
theorem is yet more general, and deals with “a species of 
arithmetical elimination.” Liouville gives the following: 
“if n = dé be any resolution of n into factors, and A(n), 
G(n), H(n), P(n), Q(n) any numerical functions of n 
satisfying A(d)G(6) = H(n) and YA(d)P(é) = Q(n), then 
>Q(d)G(6) = =P(d)H(6); the summations for all values 
d, § such that di = n.”’ The proof of this is immediate by 
the foregoing method; also the general case of elimination 
between m such equations is easily derived in compact form. 
Applying these results to the functions found in the first 
part, an indefinite number of relations are derived. 


5. The results for the number of representations of an 
integer m as the sum of nm squares have been completed by 
Glaisher for n > 18, in a form which involves only functions 
of n, including a particular function dependent upon the 
number of primary numbers having mas norm. In Dr. Bell’s 
second paper the aim is different, and it is required to express 
the numbers of representations in terms of real divisors of 
numbers not exceeding the number to be represented, and in 
terms of the numbers of representations of special numbers. 
in the given form. As usual, Euler’s second method is used, 
viz., logarithmic differentiation of theta identities. From 
these, if originally s theta series and products are multiplied 
together, are found recurrence relations connecting the numbers 
of representations of m as the sum of s squares of specified 
linear forms, e. g., either all odd or s’ odd and s — s’ even, 
and numerical functions of the numbers 1, 2, ---, m— 1. 
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In the cases where these recurrence relations hold between 
the functions for the numbers themselves, and not their squares, 
they may be used to furnish a sufficient set of linear equations 
from which the numbers of representations are deduced. If 
the recurrences are between functions of squares, the resulting 
set of equations is in general deficient, and cannot be used. 
From this standpoint the functions X;,(n), O(n), W(n) of 
Glaisher are replaced by their equivalents of the form 
— r), r= 0, ---,n, where f(n), g(n) are numerical 
functions depending on n alone. The representations as far 
as 24 squares are easily found thus. As an example of the 
nature of the formule, if ¥.(s + 8n) is the total number of 
decompositions of s + 8n into the sum of s odd squares, then 


+ 8) = (— I'D, 


where 
| 0 A) A(3) 
| A(n—2) 
|  A(n—8) 
| n—2 
|A(n—2) + A(n—3)-¥,(s+8) —- 0 
| 
D = | ose A(n—4) 
A(3)+A(2) -s(s+8) 0 0 0 
| A(2) A(3) 
| A(2) 0 0 0 
2 
== 0 AQ) 


and A(m) = the excess of the sum of the odd divisors of m 
over the sum of the even divisors of m. 


6. Mr. Clements presents the following results, supple- 
mentary to those published by him in the June number of the 
If the transformation 
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r=f(u, vr), y= ou, »), 


where f(u, v) and g(u, v) are single-valued and analytic func- 
tions of the complex variables u and v-.in the point (0, 0) and 
vanish there, is defined throughout a complete neighborhood 
R of (u, v) = (0, 0), it defines a neighborhood R of the point 
(x, y) = (0,0). If to some point (2, y) of the region R there 
correspond from 7, m points (u, v) of R, and if to no point of 
R do there correspond more than m points (u, v) of R, then 
there exists an m-valued inverse defined throughout the com- 
plete neighborhood of (x, y) = (0, 0), everywhere continuous, 
analytic except along a complex one-dimensional locus where 
it is less than m-valued, and having the value u = 0, » = 0 
when x = 0, y = 0. 


Let 
J _ Dif, ¢) Df, Im) 
Diu, v)’ “"" D(u, 
If J,(0, 0) = --- = J,_1(0, 0) = 0, J,(0, 0) + 0, and if in 


the point (0, 0) J,_1 is a factor of every J,, with smaller sub- 
script, then 7 is equivalent to transformations one-to-one 
and analytic both ways, combined with a single transformation 
of the form z = u, y = 0”. 


7. Professor Kasner shows that the only element trans- 
formations which convert integrable equations of the form 
Adz + Bdy + Cdz = 0 into integrable equations are the 
contact transformations. 


8. The theorem proved by Dr. Taylor is the following: 

Let f(z) be a function which is single-valued and analytic 
throughout the interior of a region S of the z-plane. If f(z) 
vanishes at every point of a connected portion of the boundary, 
two points of which can be joined by a curve C lying wholly 
within S, then f(z) = 0. 

A proof of this theorem was given by Painlevé, Toulouse 
Annales, volume 2 (1888), page B. 29, for the case where the 
portion of the boundary along which f(z) vanishes is an arc 
of a regular curve. The proof given in the present paper 
holds for the general case for which the theorem is stated. 


9. The character of a transformation of n variables (real 
or complex) in the neighborhood of a point where its Jacobian 
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determinant does not vanish is well known. The purpose 
of Dr. Dederick’s paper is to show that, in general, the trans- 
formation of the neighborhood of a point where J = 0 is 
essentially similar to the transformation y; = 2), y; = 2, 
(¢ = 2, ---, m) in the neighborhood of a point where 2; = 0. 
This is done by breaking up the given transformation into 
three successive transformations, of which the first and last 
have non-vanishing Jacobians and the second is of the form 
indicated. Apart from considerations of continuity the only 
restriction on the application of this process is the requirement 
of the non-vanishing of at least one of the determinants ob- 
tained from J by replacing one of the functions in it by J 
itself. 


10. Professor Volterra considers his integral equation of 
the first kind under a new form which has a special significance 
in the theory of the composition of the first kind. He con- 
siders the fundamental problem of finding all the functions 
which are permutable with a given function, and shows that 
these problems are only particular cases of a new type of 
linear integral equations. He studies the equations of this 
type and more especially the equation 


where ¢, y, @ are given functions and f is the unknown function. 
The cases are distinguished: where this equation has an 
infinite number of finite solutions, where there is only a 
single finite solution, and where there is no solution. 
In this connection the author demonstrates the general 
theorem: The necessary and sufficient condition that the 
equation 


has an infinite number of solutions, ¢, y being given functions 
of the first order and f the unknown function of the first order, 
is that 

(3) x) + (x, z) = 0. 


To prove this theorem it is necessary to recall that a function 
f(z, y) is of the first order when f(z, x) =0. When (3) is 


i 
| 
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satisfied, all the solutions of equation (2) depend on an arbi- 
trary function of one variable, and to obtain them it is neces- 
sary to solve a partial integro-differential equation of the 
first order. The solution is given by a series which is always 
convergent. 

Similarly to solve the integral equation (1) it is necessary 
to emp’oy an integro-differential equation. 

Finally, considering the relation 


= Ve, »), 


the author employs the symbol fe = y and introduces the 
new symbols f = Yet,g=f ty. 

The symbol f~ leads to a theory with regard to functions 
analogous to the relation of fractions to the integers. The 
author gave an account of this theory. 


11.*The fact that to a properly discontinuous group of 
linear transformations of a complex variable there correspond 
single-valued analytic functions which are invariant under the 
transformations of the group was shown by Poincaré by means 
of the automorphic theta functions. It is conceivable, how- 
ever, that the functions thus formed may admit the trans- 
formations of a larger group which contains the given group 
as a subgroup. The object of Professor Osgood’s paper is 
to show that there are functions which admit the transforma- 
tions of the given group, but of no larger group. 


12. Professor Birkhoff presented a proof of the theorem of 
Poincaré recently enunciated in the Rendiconti del Circolo 
Matematico di Palermo (volume 33 (1912), pages 375-407). 
This proof will be published in the coming January number 
of the Transactions of the Society. 


13. Professor Huntington’s paper gives a new set of postu- 
lates for ordinary euclidean three-dimensional geometry. 
The postulates involve only two variables: (1) a symbol K, 
which may denote any class of elements A, B, C, ---; and (2) 
a symbol R, which may denote any relation ARB between two 
of these elements. The most familiar system (K, R) which 
satisfies all the postulates is the system in which K is the class 


172 THE OCTOBER MEETING OF THE SOCIETY. ([Jan., 


of all spheres of diameter not less than some constant e(e=0), 
and R is the relation of inclusion, so that ARB. means “ A 
within B.” Any two systems (K, R) which satisfy all the 
postulates are shown to be isomorphic with respect to the 
variables K and R; so that any such system is logically identical 
with the geometric system just mentioned. The postulates 
therefore form a “‘ categorical set ” by which the geometric 
type of system (K, R) is completely determined. The set 
contains eighteen “formal laws” which are shown to be 
independent of one another, and seven “ existence postulates ” 
which are shown to be independent of one another and of the 
formal laws. The most important definitions are the fol- 
lowing: A sphere is any element of the class K. A point is a 
sphere which contains no other sphere within it. If A and 
B are two points, the segment [AB] is the class of points X 
such that any sphere which contains A and B will also contain 
X. If A, B, C are three points, the triangle [A BC] is the class 
of points X such that every sphere which contains A, B, and 
C will also contain X. The line AB is the class of points 
belonging to the segment [AB] or to either of its two pro- 
longations, [AB’] and [BA’]. Here [AB’], for example, is the 
class of points X such that [XB] contains A. The plane 
ABC is the class of points belonging to the triangle [ABC] 
or to any of its six extensions. Here the vertical extension 
[AB’C’}, for example, is the class of points X such that [BCX] 
contains A; and the lateral extension [ABC’], for example, is 
the class of points X such that [AB] and [CX] have a common 
point. Two lines are parallel if they belong to the same plane 
and have no point in common. The mid-point of a segment 
[AB] is the (unique) point of intersection of the diagonals 
of a parallelogram constructed on [AB] as one diagonal. 
The center of a sphere is a (unique) point O within the sphere 
such that every pair of chords containing O are the diagonals 
of a parallelogram. Here a chord of a sphere is a segment whose 
end points are within the sphere while both its prolongations 
are outside. By the aid of the definitions of mid-point of a 
segment (which gives translation) and the center of a sphere 
(which gives rotation) it is then easy to define the congruence 
of two segments. All these definitions, it should be noticed, 
are in terms of the fundamental variables K and R. The 
paper will be published (in English) in the Mathematische 
Annalen. 


| 
| 
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14. The paper of Dr. Jackson is primarily a study of the 
degree of convergence of the series obtained by integrating 
or differentiating a given Fourier series a given number of 
times. The Abelian device of partial summation suffices 
if the number of integrations or differentiations is even; if 
this number is odd, recourse is had to a theorem communi- 
cated by the author at a recent meeting of the Society, con- 
cerning the approximate representation of an indefinite 
integral by a finite trigonometric sum. The following results 
are of a more special nature: 

If f(x), a function of period 27, has a (k — 1)th derivative 
satisfying a Lipschitz condition with coefficient d, then f(z) 
is represented by the partial sum of its Fourier’s series to 
terms of the nth order (n = 5), with an error not exceeding 
36d log n/n*. If k is odd, the coefficient 36 may be replaced 
by 12. 

If the Fourier series 2(a,cosnz-+ b, sin nz) converges 
uniformly so that the remainder after terms of the nth order 
does not exceed y(n), where 2(y(n) log n)/n converges and 
lim,-,.. ¢(n).log n = 0, then the series Z(a, sin nz — b, 
cos nx) converges uniformly. 


15. In this paper, Mr. Bennett points out that a solution 
in positive numbers of a system of linear algebraic equations 
with positive coefficients is possible when and only when thé 
given equations can be reduced to a certain normal form. 
The proof depends immediately upon two simple lemmas of 
n-dimensional geometry. For a large class of cases sufficient 
conditions that the positive quantities occurring in a so ution 
shall be integers, are obtained by elementary geometrical 
methods. 

F. N. Cote, 
Secretary. 


| 
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THE TWENTY-SECOND REGULAR MEETING OF 
THE SAN FRANCISCO SECTION. 


THE twenty-second regular meeting of the San Francisco 
Section of the Society was held at the University of California 
on October 26, 1912. About twenty persons were present, 
including the following members of the Society: 

Mr. B. A. Bernstein, Professor H. F. Blichfeldt, Dr. Thomas 
Buck, Professor G. C. Edwards, Professor L. M. Hoskins, 
Dr. Frank Irwin, Dr. C. G. P. Kuschke, Professor D. N. Leh- 
mer, Professor J. H. McDonald, Professor W. A. Manning, 
Professor H. C. Moreno, Professor C. A. Noble, Professor E. 
W. Ponzer, Professor T. M. Putnam and Professor A. W. 
Whitney. 

One session was held beginning at 10:30 a.m., Professor 
Hoskins, chairman of the section, presiding. The following 
officers were elected for the ensuing year: chairman, Pro- 
fessor Edwards; secretary, Professor Manning; program com- 
mittee, Professors Manning, Noble, and Moreno. 

It was voted to hold the next meeting at Stanford Univ- 
ersity on April 12, 1913. The members present lunched 
together after the meeting at the Faculty Club. 


The following papers were presented at this meeting: 


(1) Professor D. N. Lenmer: “On the expansion of the 
pure surd 

(2) Professor A. W. Wurtney: The representation upon a 
tetrahedron of the logical relations of two classes.” 

(3) Professor C. I. Lewis: “ A new algebra of implications.” 

Professor Lewis was introduced by Professor Whitney. 

Abstracts of the papers follow below. 


1. The nth complete quotient of the surd R'™ being written 
in the form 
A-2 A-3 1 
A,R* +B,R*+0C,R* +.---+K,R*+P, 
Qn 
Professor Lehmer shows that the coefficients An, Bn, Cn, ---, 
K,, Pn, and Q, are expressible as follows: 
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A, = B,= C, = 4, K; 
(— 1)"7 Qn = — Ry’, (— 1)"Pa.= 1B — 


where aj and 6/6 are the nth and (n — 1)th convergents 
in the expansion of R’. Other remarkable relations between 
the coefficients are indicated. 


2. From two logical classes can be developed a system of' 
sixteen elements which is closed under the operations of logical 
addition, multiplication, and negation and forms a group 
under a certain other operation. Professor Whitney discusses 
this system and shows that it has a high degree of symmetry 
and that its internal structure is the same as that of a regular 
tetrahedron. 


3. In the paper of Professor Lewis there is set up a revised 
system of implications in the algebra of logic which will 
exclude such doubtful theorems as “A false proposition 
implies any proposition ” and “A true proposition is implied 
by any proposition.” This systera indicates that definitions 
in mathematics are relations oi reciprocal implication, and 
that such relations can sometimes be deduced instead of 
assumed. T. M. Putnam, 

Secretary of theSection. 


THE FIFTH INTERNATIONAL CONGRESS OF MATH- 
EMATICIANS. SECTIONS II-IV. 


Section II. 


In geometry, four sectional meetings were held, the chair- 
men being H. F. Baker, F. Severi, J. Drach and F. Morley. 
A. L. Dixon and E. Bompiani were elected permanent secre- 
taries for all the sessions. The following papers were pre- 
sented before this Section. 

(1) Brouwer, L. E. J., Amsterdam: “Sur la notion de 
classe de transformations d’une multiplicité.” 

(2) Mortey, F., Baltimore: ‘‘ On the extension of a theorem 
due to W. Stahl.” 

(3) Ersennant, L. P., Princeton: “ Continuous deformation 
of surfaces applicable to quadrics.” 


| 
| 
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(4) Bomprant, E., Rome: “ Recent progress in projective 
differential geometry.” 

(5) Nevi.1e, E. H., Cambridge, England: “ On generalized 
moving axes.” 

(6) Brickner, M., Bautzen: “ Ueber Raumteilung durch 
6 Ebenen und die Sechsflache.” 

(7) Martin, A., Washington: “On rational right-angled 
triangles.” 

(8) SrépHanos C., Athens: “Sur l’équivalent analytique 
du probléme des principes de la géométrie.” 

(9) Esson, W., Oxford: “ On the characters of plane curves.” 

(10) Dracu, J., Toulouse: “ Résumé de recherches gé- 
ométriques.” 

(11) Grossmann, M., Ziirich: “ Die Zentralprojection in der 
absoluten Geometrie.”’ 

(12) Scouts, P. H., Groningen: ‘‘ On the characteristic 
numbers of the polytopes --- €n—1Sn41 and 
of space S.” 

(13) Kasner, E., New York: “ Conformal geometry.” 

(14) Tzrrzeica, G., Bucharest: ‘‘ Sur les surfaces isother- 
miques.” 

(15) SommeErvILLE, D. M. Y., St. Andrews: ‘“ The pedal 
line of the triangle in non-euclidean geometry.” 

(16) Hostinsxf, B., Prague: “ Sur les Hessiennes successives 
d’une courbe du troisiéme degré.” 

(17) Frnstersuscu, J., Zwickau: “ Geometrische Maxima 
und Minima mit Anwendung auf die Optik.” 

(18) Hupson, Miss H. P., Croydon: “‘ On binodes and double 
curves.” 

(19) Srupy, E., Bonn: “ Conformal mapping of complex 
domains.” 

(20) Hatzipaxkis, N., Athens: “ Sur les paires de triédres 
de Frenet.” 

(21) Kénic, D., Budapest: “ Zur analysis situs der Dop- 
pelmannigfaltigkeiten und der projectiven Raume.” 

(22) Stnzov, D., Charkow: “ Sur la théorie des connexes.” 

(23) JaniszEwskI, Z., Warsaw: “‘ Ueber die Begriffe Linie 
und Fliche.” 

(24) WeiTzEnBock, R., Bonn: “ Ueber das sechs-Ebenen- 
Problem im Rx.” 


1. Two uniform and continuous representations, one of a 
closed multiplicity «4 and the other y’, are said to belong to 
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the same class if it is possible to go from one to the other by 
continuous modification. Professor Brouwer proved that 
in the case in which both entities are spheres, all the repre- 
sentations of the same degree belong to the same class. 


2. In the article of Stahl (Crelle, volume 104) referred to by 
Professor Morley, the following theorems appeared: Any 
conic on the double lines of a rational quartic determines by the 
other four common lines the fundamental involution. In 
the present paper the following theorems are added: any 
pencil of curves of class four on the double lines of a rational 
quintic contains five which touch the quintic. The five 
parameters of contact are in the fundamental involution. 

Any set of curves of class six on the double lines of a rational 
sextic contains six which osculate the sextic. The six param- 
eters of osculation are in the fundamental involution. 
Similarly for class n. 


3. Professor Eisenhart’s paper is in abstract as follows: 

If S is a surface applicable to a quadric Q and S, is a 
Bianchi transform of S, the joins of corresponding points on 
S and S, form a W-congruence for which these surfaces are 
the focal surfaces. By the general theory of W-congruences 
one has accordingly an infinitesimal deformation of S and §,. 
Professor Eisenhart has made use of these infinitesimal de- 
formations to build a suite of continuous deforms of Q. 
Such a suite, called a system (Q), is determined by a set of 
five differential equations in two dependent and three in- 
dependent variables, which can be shown to admit of analytic 
solutions. When a solution is known, the intrinsic functions 
of the surfaces are given directly. Systems (Q) occur in pairs, 
corresponding surfaces of the two systems being focal surfaces 
of a W-congruence. These systems admit transformations 
into systems of the same kind which are a generalization of 
the Bianchi transformations of a single surface. There 
exist systems (Q) of ruled surfaces applicable to Q@. When 
in particular Q is an hyperboloid of revolution of one sheet, 
there arises incidentally a continuous deformation of Bertrand 
curves into curves of the same kind. 


4. Dr. Bompiani summarized his report as follows: 
The first results of projective differential geometry of 
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hyperspace appear in papers by Del Pezzo (1886) on spaces 
tangent to a given variety immersed in a larger one, and by 
Segre (1888) on systems of 00"~ lines in S,. 

In his more recent memoirs, published between 1896 and 
1910, Professor Segre has treated this branch of geometry in 
a different way, which has opened up a new field. If we 
consider the curves of a variety V, issuing from one of its 
points with a determinate osculating S,(v =0), the spaces S, 
(n > v) which osculate it belong to a linear space which is 
called the n-osculant to the given variety along the fixed S, 
(when it does not coincide with the former). The first problem 
(of local character) concerns the distribution of the osculating 
S, among the n-osculants, the law of variation of these spaces 
with the S,, ete. A second problem (of general character) 
concerns the possibility of associating with V,, varieties of 
fewer dimensions to which the osculating spaces are related. 
This problem corresponds to that of the determination of a 
double system of conjugate lines on a given surface; it is 
stated in terms of one or more differential equations. An 
application to the study of ruled surfaces and certain curves 
upon them has been made by Wilczynski and others. In the 
theory of multiply infinite systems of lines, the analogous 
problem to that in S; of finding the developables of a given 
congruence is that of finding the ruled surfaces in the system 
and of finding the minimum indices of the various developables. 


6. Dr. Briickner made a further study of the problem which 
he discussed at the Rome congress. He considered the de- 
piction of the 42 complete figures composed of six planes and 
explained the method of construction. A number of the 
figures were illustrated by means of models. 


9. In Professor Esson’s paper the changes in the Pliicker 
numbers were derived which take place when a curve of a 
pencil has a double point or cusp, and a criterion was deduced 
for discriminating between proper tangents and lines passing 
through double points or cusps. The dual cases were then 
considered and the corresponding formulas derived. 


12. After having indicated the meaning of the expansion 
symbols ¢1, €2, --*, €n—1 representing operations to be applied 
to the edges, faces, limiting bodies . . . of one of the three 
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regular polytopes (simplex, measure polytope, cross polytope) 
in order to get the semiregular polytopes corresponding to the 
semiregular polyhedra of Archimedes, and having recalled 
that the application of all these operations one after another 
to the measure polytope and the cross polytope leads to the 
same result, Professor Schoute explains how the characteristic 
numbers, i. e., the numbers of vertices, edges, faces, etc., of 
the two polytopes of space S,;: can be deduced from those of 
the two polytopes of space S, by means of a rule nearly 
as simple as the generally known rule of the triangle of Pascal. 
In the case of the simplex we have 


st 6 6 1 

to. 24 36 14 1 

303 120 240 150 30 1 
720 1800 1560 540 62 1 
in the case of the measure polytope we get 

8 

ss 48 72 26 1 

384 768 464 80 1 
9600 8160 2640 242 1 


In both cases the unit always represents the thing itself. 
Now each number in these tables is deduced from the one 
that is immediately above it and the one on the same hori- 
zontal line as the latter one place to the left. This may be 
shown for both cases by indicating how we pass from the 
plane S. to ordinary three dimensional space S3. For the 
simplex we find 


number of faces = 2(1 + 6) 
number of edges = 3(6+ 6) 
number of vertices = 4.6 

and for the measure polytope 
number of faces = 2.1+ 3.8 


number of edges = 48+ 5.8 
number of vertices = 6.8 


In these two cases there is only a difference as to the multi- 
pliers represented in heavy type. 

After having given the geometrical proof of these rules as 
far as the step leading up from S2 to S; is concerned, the author 
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indicates how the two forms obtained in S,, may be represented 
by the coérdinates of their vertices. Thus the symbol (3, 2, 1, 0) 
represents the vertices of the polyhedron with the character- 
istic numbers (24, 36, 14) deduced from the simplex in a 
certain kind of barycentric coordinates, whilst [1 + 2¥v 2, 
1 + +2, 1] represents in the same way in ordinary cartesian 
coordinates the vertices of the polyhedron with the char- 
acteristic numbers (48, 72, 26). In the case of (3, 2, 1, 0) 
the round brackets mean that we have to take all the per- 
mutations of the values; in the case of [1 + 2V¥2,1+ 72, 1] 
the square brackets indicate that we have to take all the 
permutations of the values with all the possible combinations 
of the signs plus and minus. By the introduction of these 
symbols the analytical proof with respect to the step from n 
to n + 1 is nearly as simple as that from 2 to 3. 

In the end it was indicated that the proved recurrent re- 
lations lead up to the following results by means of the method 
of induction. If a), , represents the number of limits (J), 
of p dimensions of a polytope in S,, we have 


for S(n + 1) 


Gn-1, n = 2(2" — 1) 
An-2, n = 3(3" — 2.2" + 1) 
an—3; 2 = 4(4" 1) 


for €n-1 My 


= 3* — 1 
Gn-2,2 = — 2.3" + 1 
aQy—3, n = 7” — 3.5" = 3.3" — 1 


the laws of succession of which are sufficiently transparent. 

It is almost unnecessary to add that the operations of ex- 
pansion were introduced by Mrs. A. Boole Stott (“ General 
deduction of semiregular polytopes and space fillings of 
regular ones,” Verhandelingen of Amsterdam, volume 11, num- 
ber 1), but it is necessary to say that the geometrical proof 
given by the author was also suggested by her. 


13. The geometry of the plane based upon the infinite 
group consisting of all conformal transformations has been 
developed only in those directions which are suggested by the 


| 
| 
| 
| 
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theory of functions of a complex variable. Certain simple 
and fundamental problems have therefore been overlooked. 
The simplest configuration of real interest is the curvilinear 
angle (two analytic arcs having a point in common). The 
conformal transformation is required to be regular all around 
the vertex. When are two angles equivalent? Equality 
of magnitude is of course necessary, but not always sufficient. 
Professor Kasner studies the differential invariants of higher 
order which thus arise. It makes an essential difference 
whether the magnitude of the angle is commensurable or 
incommensurable with respect to 180°. The case of the horn 
angle (two curves touching each other) is of special interest. 


14. After having recalled the methods of representation 
which he had previously developed, Professor Tzitzeica applied 
them to a system of partial differential equations of the third 
and of the fourth order. In the latter case he obtained the 
equation of the fourth order derived by another method by 
Rothe and by Calapso. 


15. The loci discussed by Professor Sommerville are defined 
as follows: In non-euclidean geometry, if the feet of the per- 
pendiculars X, Y, Z from P upon the sides of a triangle ABC 
are collinear, the locus of P (pedal locus) is a bi-partite cubic 
passing through A, B, C; the envelope of X YZ (pedal envelope) 
is a curve of the third class touching the sides of the triangle. 
In euclidean geometry the pedal locus degenerates into the 
circum-circle and the line at infinity. The only other case 
in which the locus degenerates into a straight line and a circle 
is when the triangle is equilateral with imaginary angles 
2. 


16. Let m be the parameter in the equation of a plane cubic 
curve reduced to the Hessian canonical form, and r the ab- 
solute invariant. Professor Hostinsky considered the suc- 
cessive Hessians H;, H2, --- of the given curve, regarded as 
functions of m, and in particular the condition for periodicity, 
H,, = Ho, in which Hoisa given cubic. Ifn = 1, the syzygetic 
pencil obtained by varying m contains four curves which 
degenerate into three straight lines, each of which is identical 
with its Hessian. 

For n = 2, there are three cycles composed of harmonic 
curves (r= 0). Whenn = 3, the condition is r* + 3r+ 3 = 0, 


| 
i 
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and there are eight cycles. For every value of n the equation in 
r is always abelian. If H;, is bipartite, Hi; and H,_; are 
unipartite. 


18. In the paper of Miss Hudson two theorems were dis- 
cussed : 

If a point O is an isolated binode which reduces the class 
of a surface F by i, then F = H - K+ fi, in which f; i is small 
of order i near O, and H, K are surfaces each passing once 
only through 0, and having contact of order i — 2 with one 
sheet of F. 

If F is of degree n and has ¢ triple points lying upon a 
general nodal curve C of degree m and rank r with d nodes, 
then, if there are no other singularities, the number of pinch 
points on F is 2{m(n — 2) — r — 2d — 2), and the reduction 
in the class of the surface is m(7n — 12) — 4r — 8d + 3¢. 


20. The paper of Professor Hatzidakis dealt with the re- 
lations existing between the curvature of a pair of generalized 
trihedra of Frenet. The expressions for curvature and torsion 
of the one (D;) are derived in terms of those of the other (D2), 
and the direction cosines of (D;, D2) and also the condition 
that D, is a trihedron of Frenet with regard to D2 are found. 
Finally, the relations between the normal and the geodesic 
curvatures, and also the geodesic torsion are derived. 


21. As generalization of the concept of double surface, 
double varieties for hyperspace may be defined. In this 
way spheres appear as double varieties of projective spaces 
having the same number of dimensions. From these hy- 
potheses, Dr. Kénig derived the following theorem: The n- 
dimensional projective space is unilateral for even values of 
n, and bilateral for odd values. 


23. Spatial intuition, by means of which we think we know 
something of the concepts curve and surface, often leads us 
astray. An example is furnished by those curves and surfaces 
having properties not compatible with intuition. Dr. Janis- 
zewski discussed the two cases: first, a curve having a strip in 
common with every plane of a parallel pencil, and holo- 
morphic with a plane curve whose multiple points compose a 
continuum; second, a surface which cannot contain any repre- 
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sentation of the area of a circle—namely, a cylindrical surface 
whose directrix is a plane curve without a simple arc. 


24. When six planes are given in Ry, then in the general 
case there are five lines which these planes cut. Dr. Weitzen- 
béck explained the geometric significance of this number and 
der:ved an equation of order five whose roots determine the 
five lines. 


Section IIIa. Mecnanics, Paysican MATHEMATICS, 
ASTRONOMY. 

The programme consisted of the following papers: 

Turner, H. H., Oxford: ‘‘ On double lines in periodograms.” 

Moutron, F. R., Chicago: “‘ Relations of families of periodic 
orbits in the restricted problem of three bodies.” 

Forrt, L., Géttingen: “Stabile Anordnungen von Elek- 
tronen im Atom.” 

Smo.ucHowskI, M. S., Lemberg: ‘On the practical ap- 
plicability of Stokes’s law of resistance and the modifications 
of it required in certain cases.” 

Love, A. E. H., Oxford: “ The application of the method of 
W. Ritz to the theory of the tides.” 

LEuscHNER, A. V., Berkeley: ‘The Laplacian orbit methods.” 

Bennett, G. T., Cambridge: “The balancing of the four- 
crank engine.” 

KArmAn, Tu. von, Gottingen: “ Luftwiderstand und Hydro- 
dynamik.” 

Bromwicu, T. J. I’a., Cambridge: “ Some theorems relat- 
ing to the resistance of compound conductors.”’ 

Ewa1p, P. P., Géttingen: “‘ Dispersion and double refrac- 
tion of electrons in rectangular grouping (crystals).” 

Miter, D. C., Cleveland: “The graphical recording of sound 
waves; effect of free periods of the recording apparatus.” 

TeRRADAS, E., Barcelona: ‘‘ On the motion of a chain.” 

ABRAHAM, M., Milan: “‘ The gravitational field.” 

McLaren, S. B., Birmingham: “ Aether, matter, and 
gravity.” 

SILBERSTEIN, L., Rome: “Self-contained electromagnetic 
vibrations of a sphere as a possible model of the atomic store 
of latent energy.” 

Somieuiana, C., Torino: “Sopra un criterio di classifica- 
zione dei massimi e dei minimi delle funzioni di piu variabili.” 
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Esson, W., Oxford: ‘On a law of connection between two 
phenomena which influence one another.” 

BiascukE, W., Eldena: “ Reziproke Kriftepline zu den 
Spannungen in einer biegsamen Haut.” 

BLUMENTHAL, O., Aachen: “‘ Ueber asymptotische Inte- 
gration von Differentialgleichungen mit Anwendung auf die 
Berechnung von Spannungen in Kugelschalen.” 

Bovutap, F., Cairo: “‘ Extension de la notion des valeurs 
critiques aux équations a 4 variables d’ordre nomographique 
supérieure.” 

Bropetsky, S., Cambridge: “The solution of dynamical 
problems.” 

Denizot, A., Lemberg: “ Theoretisches iiber den freien 
Fall eines K6rpers bei rotierenden Erde.” 

Dovcatt, J., Kippen: “The method of transitory and 
permanent nodes in the theory of elasticity.” 

HaceEn, J. G., Rome: “ How the Atwood machine proves 
the rotation of the earth, even quantitatively.” 

Lams, H., Manchester: “On wave-trains due to a single 
impulse.” 

Sampson, R. A., Edinburgh: “ Some points in the theory of 
errors.” 


Section IIIb. Economics, AcTuARIAL SCIENCE, STATISTICS. 
The following papers were read: 


LeHFELDT, R. A.: “ Equilibrium and disturbance‘in the 
distribution of wealth.” 

Amoroso, L.: ‘‘I caratteri matematici della scienza eco- 
nomica.”” 

SHEPPARD, W. F., Surrey: “‘ Reduction of errors by means 
of negligible differences.” 

Bronte, R. R., Edinburgh: “‘ Curves of certain functions 
relating to mortality and compound interest.” 

Peek, J. H.: “ Application of the calculus of probabilities 
in calculating the amount of securities, etc., in the Dutch 
State Insurance Office.”’ 

Quiquet, A., Paris: “ Sur une méthode d’interpolation ex- 
posé par Henri Poincaré et sur une application possible aux 
fonctions de survie d’ordre n.” 

STEFFENSEN, J. F. A. F., Hellerup: “On the fitting of 
Makeham’s curve to mortality statistics.” 
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Epcewortn, F. Y., Oxford: “A method of representing 
frequency groups by analytic geometry.” 

Heron, D.: “ Fallacious methods of measuring association.” 

SHEPPARD, W. F., Surrey: “ The calculation of moments 
of an abrupt frequency distribution.” 

Arany, D., Budapest: “ Ein Beitrag zur Laplace’schen 
Theorie der erzeugenden Funktion.” 

GéRARDIN, A., Nancy: “ Statistique des vingt séries parues 
du Répertoire Bibliographique des Sciences Mathématiques.”’ 


Section [Va. Puitosopny, History. 
The list of titles of papers is as follows: 


Buratl Fortt, E.: “ Sur les lois générales pour !’algorithme 
des symboles de fonction et d’opération.” 

Buiumperc, H.: “ Ueber ein Axiomen-System fiir die 
Arithmetik.” 

Enestr6M, G.: “ Resolution relating to the publication of 
G. Valentin’s general Bibliography of mathematics.” 

G£RaARDIN, A.: “ Note historique sur la théorie des nombres.” 

Harpine, P. J.: “ The geometry of Thales.” 

Huntineton, E. V.: “A set of postulates for abstract 
geometry expressed in terms of the simple relation of in- 
clusion.” 

ITEtson, G.: “ Bemerkungen iiber das Wesen der Mathe- 
matik.” 

ITELson, G.: “ Thomas Solly von Cambridge als Logistiker.”’ 

JOURDAIN, P. E. B.: “ Isoid relations and the modern theory 
of irrational numbers.” 

JourDAIN, P. E. B.: “ Fourier’s influence on pure mathe- 
matics.” 

JouRDAIN, P. E. B.: “‘ The ideas of the ‘fonctions anal- 
ytiques’ in Lagrange’s early work.” 

Lorta, G.: “ Intorno ai metodi usati dagli antichi greci 
per estrarre le radici quadrate.” 

Murrueap, R. F.: “Superposition as a basis for geometry; 
its logic and its relation to the doctrine of continuous quantity.” 

Papoa, A.: “ Compar..ison entre la logique de |’extension 
et la logique de la compréhension.” 

Papoa, A.: “ Une démonstration du principe d’induction 
compléte.” 

Rupto, F.: “ Mitteilungen iiber die Eulerausgabe.” 
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Vacca, G.: “Sul valore della ideografia nella espressione 
del pensiero; differenze caratteristiche tra ideografia e lin- 
guaggio ordinario.” 

Vacca, G.: “On some points in the history of the infinit- 
esimal calculus; relations between English and _ Italian 
mathematicians.” 

ZERMELO, E.: “ Ueber die Grundlagen der Mengenlehre.” 

ZERMELO, E.: “‘ Ueber eine Anwendung der Mengenlehre 
auf die Theorie des Schachspiels.” 

ZERMELO, E.: ‘‘ Ueber axiomatische und genetische Me- 
thoden bei der Grundlegung mathematischer Disciplinen.” 


Section IVb. Dimactics. 


Section IVb held six meetings (two of them jointly with 
Section IVa), under the chairmanship of the following gentle- 
men in order: Hon. B. A. W. Russell, C. Godfrey, David 
Eugene Smith, A. Gutzmer, E. Czuber, C. Bourlet, J. W. A. 
Young, Sir J. J. Thomson, R. Fujisawa, C. Godfrey. 

Three of these sessions were held jointly with the Inter- 
national Commission for the Teaching of Mathematics. The 
first of these was opened by an address of welcome by the 
chairman, C. Godfrey. Thereupon, the following address on 
the work of the Commission was delivered by David Eugene 
Smith, who had been in recent conference with the president 
of the Commission, Professor Klein, and the central committee: 

“As has already been mentioned, Professor Klein, to whose 
great energy and wisdom the success of the International Com- 
mission on the Teaching of Mathematics is largely due, is 
unable to be present, on account of illness. It was my privilege 
to propose to the delegates at our meeting on Wednesday the 
sending of a telegram to Professor Klein, and I now propose 
the same message to Section IV, as follows: ‘The Inter- 
national Commission on the Teaching of Mathematics, and 
Section IV, at their first Cambridge meeting, express regret 
at your absence and best wishes for your recovery.’ * 

“The Commission was organized for the purpose of re- 
porting upon the present status of the teaching of mathematics 
in the various countries of the world. Special sub-committees 
have also been appointed from time to time, to consider 
questions of international rather than merely national interest. 


* By unanimous vote the telegram was duly sent to Professor Klein. 
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About one hundred and fifty reports on the work done in the 
various countries have been prepared, and at least fifty more 
are in contemplation. A world-wide interest in the improve- 
ment of mathematical teaching has been awakened, and the 
influence of the movement is certain to be very far reaching. 
Ten countries have completed the task set for themselves. 
In chronological order of completion these countries are 
Sweden, Holland, France, Switzerland, Austria, Japan, the 
United States of America, the British Isles, Hungary, and 
Denmark. In process of publication are the monumental 
work of Germany, with twenty-seven out of thirty-six reports 
already printed, and the reports of Italy, Roumania, Spain, 
and Russia. In contemplation are the reports of Greece, 
Norway, Australia, Portugal, Servia, and doubtless of several 
other countries. 

“As to the future work of the Commission, the Central 
Committee earnestly desires that it be authorized to see to 
the completion of the reports. It is therefore very desirable 
that it be continued in power, both for this purpose and for 
the consideration of certain questions of great international 
significance. Such topics as the proper training of engineers, 
of calculus in the secondary schools, of the general value of 
intuition in the teaching of mathematics, of the training of 
teachers, and of the educational (cultural, disciplinary, non- 
technical) value of mathematics, may properly occupy the 
attention of the Commission in the next four years. Special 
conferences having already been held, at Bruxelles and Milano; 
it is proposed, if the committee is continued in power, to hold 
others between now and the time of the meeting of the Congress 
of 1916, if that shall be the date. Possibly such conferences 
may be held in France in 1914, in Germany in 1915, and in 
Stockholm in 1916. 

“It is also hoped that each country will prepare a summary 
of the large features of the reports of other countries, to the end 
that the work that has been accomplished may have its full 
effect. It is further hoped that the various countries will 
continue the financial support that has been given to the 
central committee in the past. 

“‘ A word should be said at this time in memory of those dis- 
tinguished teachers who have been connected with the move- 
ment, but who have been called from their labors to solve 
the great problem. Soon after the last Congress adjourned, 
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Professor Vailati, of Rome, a distinguished writer and an 
accomplished scholar, passed away. Scarcely in his full 
prime of life, his loss is felt not by Italy alone, but by all who 
appreciate scholarship and high educational standards. 
Professor Bovey, president of the Imperial Technical College 
at South Kensington, who was charged with the labor of 
reporting for Canada, has also been called from us; in his 
death the world lost a scholar and an administrator of prom- 
inence. And as he was planning to attend this Congress, 
four weeks ago to-day, Geheimrath Professor P. Treutlein of 
Carlsruhe, passed suddenly away. In his death Germany 
lost one of her foremost educators, and the International 
Commission one of its best supporters. 

“We shall now proceed to the election of the officers for 
the next session, and then to the reception of the reports. 
The central committee has consulted with the committee 
on organization and it has been decided that the first set of 
reports shall be presented to the library of the University of 
Cambridge, a second set to our official hosts, the Cambridge 
Philosophical Society, and a third set to that great world- 
library, the library of the British Museum.” 

The general secretary of the Commission next made a 
statement as to the work of the central committee, and sub- 
mitted its collected publications. 

Thereupon the reports of the various countries were formally 
submitted to the congress. The countries were called in 
alphabetical order in the French language, and the following 
members of the Commission presented the reports, with a 
brief oral description, and a longer written statement, which 
will be published in the Proceedings of the Congress, and in the 
official organ of the Commission, L’ Enseignement Mathématique. 
The statement accompanying the American report will be 
published in School Sciences and Mathematics, the official 
American organ. 

Germany, Professor A. Gutzmer (Halle); Austria, Professor 
E. Czuber (Vienna); Belgium, Principal E. Clevers (Ghent); 
Denmark, Professor H. Fehr; Spain, Professor Toledo (Mad- 
rid) ; United States, Professor J. W. A. Young (Chicago) ; France, 
Professor C. Bourlet (Paris); Greece, Professor H. Fehr; Hol- 
land, Professor J. Cardinaal (Delft); Hungary, Professor E. Beke 
(Buda-Pesth); British Isles, Professor C. S. Jackson (Wool- 
wich); Italy, Professor G. Castelnuovo (Rome); Japan, Pro- 
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fessor R. Fujisawa (Tokio); Norway, Professor M. Alfsen 
(Christiania); Portugal, Professor F. J. Teixeira (Oporto); 
Roumania, Professor G. Tzitzeica (Bucharest); Russia, Pro- 
fessor H. Fehr; Sweden, Professor H. Fehr; Switzerland, Pro- 
fessor H. Fehr (Geneva). 

Also the following associated countries: Brazil, Professor 
E. de B. R. Gabaglia (Rio de Janeiro); Servia, Professor M. 
Petrovitch (Belgrade). 

At the second joint session of Section IVb and the Inter- 
national Commission, the report of sub-commission B, on 
“The mathematical education of the physicist in the univ- 
ersity,”” was presented by Professor C. Runge, and followed 
by a lively discussion. 

At the last joint session of Section IVb and the International 
Commission, C. Goldziher presented a report on the work done 
by David Eugene Smith and himself towards preparing a 
bibliography of works on the teaching of mathematics, 
published since 1900. (This bibliography is about to be 
published by the United States Bureau of Education and can 
be obtained from the Bureau on request.) Upon motion of 
Professor Smith the following resolution was passed: 

Resolved: that Section IVb of the International Congress of 
Mathematicians, assembled at Cambridge, expresses its 
thanks to the Honorable the United States Commissioner of 
Education for his great interest in publishing, for free dis- 
tribution, the recent bibliography on the teaching of mathe- 
matics (1900-1912), and the hope that it may, through his 
good offices, be brought to completion to the year 1915, with 
such additions to the present list as may seem desirable. 

David Eugene Smith then presented the report of Sub- 
commission A on: “ Intuition and experiment in mathematical 
teaching in secondary schools.” The presentation of the 
report was followed by an extended discussion. This report 
will be published in the various official organs named above. 

In the other sessions of Section IVb the following papers were 
presented: 

WuitTeHeEaD, A. N.: “ The principles of mathematics in 
relation to elementary teaching.” 

SuPPANTSCHITCH, R.: “ Le raisonnement logique dans I’en- 
seignement mathématique universitaire et secondaire.” 

Hut, M. J. M.: “ The teaching of the theory of proportion.” 

Hatzipakis, N.: “ Systematische Rekreationsmathematrk 
in den mittleren Schulen.” 
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GERARDIN, A.: “Sur quelques nouvelles machines algé- 
briques.” 

Carson, G. Sr. L.: “ The place of deduction in elementary 
mechanics.” 

Nunn, T.P. ‘“ The proper scope and method of instruction 
in the calculus in schools.” 

It was not possible to secure brief abstracts of the above 
papers for incorporation in this report. The papers will be 
published in full in the Proceedings of the Congress, and 
elsewhere. 

Sir G. Greenhill made the following statement in regard 
to the work of the International Commission on the teaching 
of mathematics. 

“The statement I have to make, Sir, to the Congress, is 
given in the formal words following: 

1. The International Commission on the Teaching of 
Mathematics was appointed at the Rome Congress, on the 
recommendation of the members of Section IV. 

2. The several countries, in one way or another, have 
recognized officially the work, and have contributed financial 
support. 

3. About 150 reports have been published, and about 50 
more will appear later. 

4. The Commission will report in certain sessions of Section 
IV. 

5. The Commission hopes to be continued in power, in 
order that the work now in progress may be brought to 
completion. 

A resolution to this effect will be offered at the final meeting 
of the Congress.” 

The third general session closed the Congress. At this 
session, upon motion of C. Godfrey, seconded by W. von Dyck, 
the following resolution was unanimously passed. Its adop- 
tion had previously, upon the motion of Sir George Greenhill, 
been unanimously recommended to the Congress by the 
International Commission on the Teaching of Mathematics, 
in its separate session, and by Section IVb in joint session with 
the Commission. 

Resolved: that the Congress expresses its appreciation of 
the support given to its Commission on the Teaching of 
Mathematics by various governments, institutions, and in- 
dividuals; that the Central Committee composed of F. Klein 
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(Gottingen), Sir G. Greenhill (London) and H. Fehr (Geneva) 
be continued in power and that, at its request, David Eugene 
Smith, of New York, be added to its number; that the dele- 
gates be requested to continue their good offices in securing the 
cooperation of their respective governments, and in carrying 
on the work; and that the Commission be requested to make 
such further report at the Sixth International Congress, and 
to hold such conferences in the meantime as the circumstances 
warrant. 
Vircit SNYDER. 


THE MUNSTER MEETING OF THE DEUTSCHE 
MATHEMATIKER-VEREINIGUNG. 


THE annual meeting of the Deutsche Mathematiker-Verein- 
igung was held in affiliation with the eighty-second con- 
vention of the association of German naturalists and physicians 
at Miinster in Westphalia, September 15 to 19, under the presi- 
dency of Professor W. v. Dyck. 

As usual, ample provision was made for the entertainment 
of the guests, a number of excursions being arranged for the 
afternoons, and a reception or concert each evening. Perhaps 
the most interesting excursion was that to the neighboring 
city of Essen, to inspect the works of the Krupp manufacturing 
company. The guests were shown the manifold processes 
of casting and hardening steel, the preparation of armor, the 
boring of cannon, etc., and were also furnished an opportunity 
of seeing the domestic and social problems and usages con- 
nected with this gigantic enterprise. 

The session of Tuesday afternoon was devoted to the ad- 
ministrative affairs of the society. Reports of the status of 
the Encyclopedia and of the International commission on 
mathematical instruction were read, as well as a statement 
concerning the publication of various other works in which 
the society is interested, primarily those of Schroeder and of 
Euler. At this session Professor W. KiILuinG read a paper 
“On the preparation of the gymnasium teacher,” which was 
followed by a general discussion. 

The session of Wednesday morning was held jointly with 
the section of physics, upon the invitation of the latter, to 
listen to the following more general reports in mathematical 
physics: 
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(1) D. (Gottingen): Begriindung der elementaren 
Strahlungstheorie.” 

(2) W. Nernst (Berlin): “‘ Ueber den Energiegehalt der 
Gase.” 

(3) V. Smotucnowsk1 (Lemberg): “ Experimentell nach- 
weisbare, der iiblichen Thermodynamik widersprechende 
Molekularphanomene.” 


Professor Smoluchowski presented a systematic resumé of 
certain phenomena, obtained experimentally, based upon a 
general formula of statistical mechanics derived from the 
fact that molecular systems execute small automatic os- 
cillations from the state of thermodynamic equilibrium, ac- 
cording to the law of chance. Here belong in particular the 
Brownian molecular motion of particles suspended in liquids 
or gases, the distribution of emulsion particles in a gravita- 
tional field, the irregularity of the distribution of particles in 
solutions of collodion investigated by Svedberg, the appear- 
ance of opalescence in gases and mixtures in states approxi- 
mating the critical ones, the blueness of the sky, certain 
manifestations of electric and optical phenomena observed 
in emulsions and in suspended particles, etc. The author 
called attention to certain other important phenomena, 
theoretically expected, which await experimental confirmation, 
and mentioned the width of the lines of the spectrum of 
Fabry, which, according to the Doppler principle, furnish an 
excellent justification of the Maxwell law of velocity. All 
these facts decide the long conflict between thermodynamics 
and kinetic theory in favor of the latter, so that it follows that 
the second fundamental law of thermodynamics, as formulated 
by Clausius, Thomson, and others is not true, since in small 
intervals of time and of space contradictory processes are 
continually going on, which are also observable in physical 
phenomena. The law is still applicable to unlimited fields 
of time and space. 


Three sectional meetings were held to listen to papers 
presented to the society itself, the titles of which follow. On 
account of the Cambridge meeting of the Fifth international 
congress of mathematicians, the programme was rather 
shorter and the attendance slightly smaller than usual, but 
both were sufficient to make the Miinster meeting an im- 
portant one in the history of the society. 
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It has been the custom during a number of years to pay 
particular attention to some one branch of mathematics at 
these meetings,fand the proceedings have taken the form of sym- 
posiums and reports rather than the presentation of finished 
papers containing results of original research. While papers 
on other subjects were welcomed, the emphasis this year was 
primarily on differential geometry, and over half the papers 
treated of some phase of this subject. 

(1) W. v. Dyck (Munich): “ Ueber die singularen Stellen 
der Differentialgleichungen erster Ordnung zweiten Grades.” 

(2) E. H. Moore (Chicago): “ Remarks concerning rela- 
tively uniform sequences and series of functions.” 

(3) R. Rorue (Clausthal): ‘‘ Anwendung der Vektoranalysis 
auf Differentialgeometrie.” 

(4) H. Wrener (Darmstadt): “‘ Ueber eine geometrische 
Theorie der algebraischen Formen.” 

(5) F. Meyer (KG6nigsberg): “‘ Ueber einen verallgemein- 
erten Kriimmungsbegriff.” 

(6) E. Satkowsx1 (Charlottenburg): “‘ Ueber die verschie- 
denen Begriindungsarten der Differentialgeometrie.” 

(7) R. v. LitrentHat (Miinster): “‘ Ueber die Bestimmung 
der beriihrenden Kurve und Fliche bei Kurven- und Flachen- 
scharen.” 

(8) W. VELTEN (Kreuznach): “‘ Ueber die Funktionen, die 
aus der Jacobischen 2-Funktionen entspringen.” 

(9) A. Voter (Frankfurt): ‘“ Mathematische Theorie des 
Tarifwesens.” 

(10) H. Monrmann (Carlsruhe): “ Ueber bestandig hyper- 
bolisch gekriimmte Kurvenstiicke.” 

Abstracts of a number of the papers follow; the numbers 
correspond to.those of the titles above. 


3. Professor Rothe maintains that vector analysis in dif- 
ferential geometry is in fact of far greater importance than 
furnishing simply an abbreviation in the proofs and a con- 
venient formulation of results. In the earlier investigations, 
originated by Grassmann, Hamilton, Mobius, the main 
question was the translation of formulas already known into 
the language of vectors; in this process many abridgements 
were found possible in the presentation and proofs. If we 
confine ourselves to vector analysis in the narrower sense 
(algebra) no simpler processes appear than those employed 


194 THE GERMAN MATHEMATICAL SOCIETY. [Jan., 


by Gauss, but when differential processes (analysis) are 
considered, it becomes a different matter. There we deal 
particularly with the gradient, divergence, and curl. By 
giving these concepts their proper physical meaning, and 
combining with them the usual elementary concepts of dif- 
ferential geometry, a great advance is possible. With every 
point in space a vector (usually one-valued) is associated, 
whose direction determines the lines of flow, and whose length 
determines the intensity of the field. Such considerations 
have been employed (among others) by Burali-Forti. He 
takes, for example, in the theory of surfaces as field vector 
the unit vector of the properly directed surface normal, and 
the lines of flow are determined as the lines of a normal con- 
gruence. This assumption materially simplified the formulas 
of the theory of surfaces. 

After explaining the concept of a general field, a number of 
new results in the theory of surfaces were derived. 


4. The theory of invariants of algebraic forms of order v 
in one or more p-dimensional variables is contained within 
the theory of the forms which are linearly constructed from 
vy series X, Y, ---,W. The form f(X, Y, ---, W)=ayai+--- 
+a, is a linear form of order v in a space of p (homogeneous) 
dimensions R, when its coefficients are linear forms of order 
v — 1 in the series Y,---,W. Equated to zero it defines a 
geometric correspondence, which associates v — 1 arbitrarily 
chosen points Y, ---, W as locus of the point X with one 
element of p— 1 dimensions (point, line, plane, ...) in 
space R,. If by interchanging the series of f new forms fi, fo, 

appear, then rp =f+fit+---+/f,-1 is a polar 
form, that is, in it any two rows may be interchanged. More- 
over, the form f is also associated with a null form n = f — p, 
that is, with a form which vanishes when the coordinates of 
any arbitrary point are substituted in all the series; it can 
always be written in such a manner that every term contains 
a factor (ay, — 2,yi). The Clebsch-Gordan development 
in series divides a form f into its polar form and null form, 
and further divides the latter into forms whose terms contain 
1, 2, 3, --- factors of the designated kind, while the associated 
remaining factor is a polar form. At the Dresden meeting 
of the Vereinigung, Professor Wiener explained the process of 
transvection as applied to binary forms, and thus reduced the 
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determination of the invariants of any form to the problem 
of determining the associated polar form of any given linear 
form. In the extension to forms in p variables (so far as 
completed) he employs, as method of construction, only the 
geometric construction of the linear forms and their linear 
systems, and as means of proof the permutation of the series 
and the Galois groups generated by it. In this manner, the 
application of any symbol in the new theory that does not have 
a geometric meaning is rejected. 


6. In the paper of Professor Salkowski, the various directions 
of propagation along a curve were considered and the various 
concepts of curvature systematized. In particular, the value 
and significance of various related ideas, like the synthetic 
methods of Schell and of Mannheim, were criticized. A more 
extensive summary will appear in an early number of the 
Jahresbericht. 


7. Leibnitz and l’Hospital were familiar with the fact that 
the various curves of a one-parameter family are all touched 
by one curve. Monge extended the idea to surfaces (Appli- 
cations, § 6), and introduced the word envelope to define 
the surface thus generated, the word being at once sug- 
gested by visualization. If, for example, we take a cylinder 
whose cross-section extends to infinity on both sides of an 
inflexional tangent, and move the cylinder along the tangent, 
a family of surfaces results, each of which ‘is touched by the 
same plane. Professor Lilienthal considered, in his Differ- 
entialgeometrie, Band I, the conditions under which the curves 
of a cross-section have as envelope the same section of the 
envelope of the surfaces. The same method is here immedi- 
ately extended to surfaces. 

Given a family of surfaces f(x, y, z, v) = 0, and a family of 
space curves 


(1) f=0, y, % )=0; 
(2) filu, »), fa(u, fs(u, 2); 


the equations 


(3) 


af a 
is 
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are satisfied by (1). Conversely, if (1) and (3) satisfy 
z= (0), y= ¢2(v), z = ¢g3(v), the curve defined by these 
equations is a contact curve, provided the determinants 
Fuge — f29y, ete., do not all vanish for z = ¢;(v), etc. If they 
do vanish, the equations must be further examined. For the 
surfaces defined by (2) we consider the determinants 


fs 
au av Ov Ou’ 


ete. Ifthey do not all vanish we have a contact curve u= ¢(0), 
provided of; [Ou (@ = 1, 2, 3) do not vanish. We now assume 
that the u series and » series are orthogonal; then 02/02, etc., 
vanish along the contact curve. The series of contact curves 
lie on a surface. We consider the curve in the region of an 
ordinary point, at which not all the u-derivatives vanish, and 
the normal planes of the surface. Let the plane N,; contain 
the tangent to the contact curve, and the plane N, be perpen- 
dicular to N,; and cut the surface in the curve L, and let v be 
the smallest value of n for which the derivatives d"z/dv", - -- 
do not all vanish. For the coordinates of the point of inter- 
section of » + Av = const. and L we have expansions of the 
form 


1 0” 


and 


2) =0 


is the equation of N;. For odd values of v, the part of the 
curve L corresponding to positive values of Av lies on one side 
of N;, and that corresponding to negative values on the other. 
The contact curve is therefore not a proper envelope. For 
even values of v two cases are possible; first, Av > 0 may 
correspond to a different part of the curve L than Av < 0, in 
which case the curve L has a cusp at its point of intersection 
with the contact curve, which is an edge of regression on the 
surface; if, however, both signs of Av correspond to the same 
point of Z, from (4) no conclusions can be drawn. In this 
case the contact curve is an envelope of the series » = const. 
This can be seen by rolling the tangents of a plane curve 
around a cylinder. 
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Given the family of surfaces f(z, y, z, 0) = 0, and the curves 
f=0, 
(characteristics); if the equations 
f=0, = 0 


have a complete solution, corresponding geometrically to a 
curve, this curve is a contact curve of the series of character- 
istics, provided 

of 

Oy Oz0v dzdydv’ 
are not all zero. It is not necessarily an envelope or an edge 
of regression. Monge’s “ aréte de rebroussement ” is not 
entirely justified, as is seen in the example of the circles of 
curvature and spheres of curvature of a space curve. 


8. Dr. Velten’s paper will appear in full in the next number 
of the Jahresbericht. 


9. Professor Voigt first pointed out a number of serious 
errors in the current mathematical theory of taxes and tariff, 
and mentioned the remedy found in his recent book: Mathe- 
matische Theorie des Tarifwesens (Jena, 1912), namely, by 
means of a rational construction of the tariff from a mathe- 
matical basis. Certain advantages to both the importer 
and to the government were explained which would ensue 
from this procedure. 

SNYDER. 


SHORTER NOTICES. 


Differential and Integral Calculus. By Professor L. S. Hut- 
BURT. New York, Longmans, Green, and Co., 1912. xviii 
+ 481 pp. with figures. 

THE subtitle of this volume, “ An introductory course for 
colleges and engineering schools,” indicates the scope of the 
author’s aims. In view of the numerous elementary text 
books on the calculus, each enjoying more or less popularity 
at the present time, it might seem a priori that a newcomer 
in the field would have difficulty in displaying sufficient in- 
dividuality to warrant its entrance upon the stage. But no 
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reader of Professor Hulburt’s book will have any difficulty 
in recognizing a master hand at all stages from the modest 
preface to the closing chapter on differential equations. In 
the matter of notation, of selection and arrangement of topics 
and of kindred points we may continue to expect a wide 
variance of opinion, but it is obvious that the author has 
decided views on these matters, and has not hesitated to 
incorporate them in his book. It may seem rather presump- 
tuous to criticize without trial what such a successful teacher 
as Professor Hulburt tells us is the result of test and trial 
in the class room, but as the fond parent is ever prone to regard 
the idiosyncrasies and peculiarities of his own children as 
evidences of promise or genius, the critic may at all times be 
expected to differ on some points. Many teachers for example 
prefer the symbol d/dzx to D,, which the present text employs, 
but both notations are so common that even the beginner 
should be familiar with both. Typographically the book is 
well done and quite free from errors, although the very frequent 
use of a double line within brackets, when stating a theorem 
or definition consisting of two parts, differing only by the 
substitution of an alternative word or phrase at one or more 
places, does not add to the attractiveness nor interest of certain 
pages. The use of very heavy cancellation marks in the alge- 
braic reduction of illustrative examples is quite conspicuous; 
but it is obvious that these are mere matters of taste or con- 
venience. The double use, in close proximity, of e as the 
base of natural logarithms and as the eccentricity of a conic, 
without explicit statement, might lead to confusion. There 
seems to be no reason for the author’s defining the circular 
functions as the inverse trigonometric functions instead of 
adhering to the well established meaning as found in various 
books on the theory of functions as well as on the calculus. 
The author has maintained clearness without sacrificing 
rigor, wherever he has essayed a proof. But he has not hesi- 
tated to use a theorem without proof where he believes the 
rigorous proof would not appeal to the ordinary beginning 
student. As a typical illustration of this we might mention 
the theorem, “In taking a mixed partial derivative of any 
order, provided the function be continuous, it is immaterial 
in what order the differentiations are performed.” Among 
others the general theorems on limits, and the ratio test for 
the convergence of infinite series are stated without proof. 
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This omission of proofs which do not enlighten is in accord- 
ance with generally accepted sound pedagogy in other courses. 
Again the author does not hesitate to introduce a new idea 
by a working definition or statement of a theorem, reserving 
the rigorous analytic proof for later pages. For example, 
he begins by defining a function as being discontinuous for 
real values of the variable ‘‘ wherever it has a break in its 
graph.” The analytic definition of discontinuity follows later. 
The author uses the method of limits, as distinguished from 
the method of rates, and appeals strongly to the geometrical 
intuition from the start. But at no time does he seem to lose 
sight of the important truth that a clear conception of the 
fundamental ideas of the calculus is of more importance than 
the mere ability to manipulate the formal side, even in appli- 
cations. For purposes of convenience the volume is divided 
into six books, each of which is more or less of a unit in itself. 
The first two constitute a quite complete elementary course 
in themselves. 

Book I, with its seventeen chapters and 175 pages, com- 
prises considerably more than one third of the text and is a 
complete elementary course in the differential calculus of 
functions of one variable. The introductory chapters on 
functions, discontinuities of functions, and limits are models 
of clearness and should enable any intelligent beginner to 
start upon his course with an adequate understanding of these 
rather difficult concepts. The distinction between the 
equation of a graph, and the function which the graph represents 
is made extremely clear. In this book the study of the con- 
vexity and concavity of algebraic curves, and of their maxima, 
minima, and flexes* is taken up before the formulas for dif- 
ferentiating logarithmic and exponential functions are derived. 
The illustrations and examples in this book are almost entirely 
geometrical, except in the brief treatment of velocity. 
Chapters X to XVI are devoted to plane curves, separate 
chapters being devoted to parametric equations, to polar 
equations, and to cycloidal curves. Curvature, involutes, and 
evolutes are treated briefly. The collection of curves is a 
very interesting one. It may be noted that, despite the 
amount of space devoted to curves, the subjects of asymptotes 


* Professor Hulburt adopts the terms “‘ flex,” “ flex tangent,” etc., instead 
of the longer “‘ point of inflection,” “ inflectional tangent,” etc. The terms 
are due to Professor Frank Morley. 
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and of general methods of finding singularities are not taken 
up. As these topics throw little added light on the meaning 
or application of derivatives, the omission is doubtless war- 
ranted, and they are rightly reserved for works on higher 
plane curves or projective geometry, where they may be 
completely treated. However interesting these chapters are 
to the mathematical student, it may seem to some teachers 
that they might be curtailed or, preferably, be reserved in part 
for some later book, although logically they belong here. There 
is a demand from the physicists and others in engineering 
schools that the formal elements of both differential and 
integral calculus be given to the student as early as possible, 
and this goal might be approached by deferring these chapters 
of Book I until after Book II had been studied. Indeter- 
minate forms are concisely treated in the last chapter. 

Book II covers 90 pages, of which but 25 are devoted to the 
technique of formal integration, the major stress being on 
integration by the aid of tables. Of the ordinary special 
methods of integration, but three are explained in detail— 
algebraic substitution, trigonometric substitution, and in- 
tegration by parts. The reduction formulas have been 
deservedly ejected from their time honored seat, and do not 
appear in the volume at all, while the integration of rational 
fractions is reserved for a chapter in a later book. Nineteen 
pages are devoted to the applications of integration in kine- 
matics, so that this topic is treated with some detail, and 
accomplishes well its obvious purpose of fixing the significance 
of the constants of integration and of familiarizing the student 
with typical applications of the indefinite integral. The 
remainder of this book is devoted to the simple applications 
of the definite integral,—calculating the lengths of arcs of 
plane curves, the areas under them, and the surfaces and volumes 
of solids of revolution. The clearness of statement in the 
two chapters on the definite integral deserves special note 
as the student is prone to swallow this part of the theory on 
faith and to trust to his works in solving examples to bring 
about his salvation. Yet at the very beginning the author draws 
a conclusion after what seems to be the least convincing 
argument in the entire book. After showing that 2* and 
z* + care both integrals of 3z”, he immediately states, “ Hence 
the most general (italics mine) integral of 32? is 22+.” It 
would seem to the reviewer that a brief table of integrals might 
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well have been included in the volume as a matter of con- 
venience if not of necessity, since the author specifically aims 
to teach the students to use a table skilfully. The references 
to paragraphs in an alien book are at times slightly confusing, 
and it seems, in general, unwise to refer to paragraph numbers 
which may be changed at the whim of another. Many teachers 
will regret the absence of a discussion of methods of ap- 
proximate integration. 

Book III, which is devoted to an introduction to analytic 
geometry of three dimensions, will be warmly welcomed by 
teachers who find it necessary to take up the calculus without 
a formal course in solid analytics. The essentials, every- 
thing required in the applications of the calculus, are given 
compactly (some will say too compactly) but clearly and 
comprehensively in the compass of 20 pages. The teacher 
whose students have covered this subject matter will find it 
convenient for review and reference, whereas others will 
probably find no serious break in continuity since the necessity 
for a three-dimensional coordinate system is presented by the 
nature of the problems to be attacked. Volumes of simpler 
solids and areas of surfaces are treated in this book by single 
integration only. 

Book IV, of 55 pages, is a brief calculus of functions of 
several real variables. Partial and total derivatives with 
their geometrical interpretation and application, and multiple 
integrals with their application to areas, volumes, surfaces, and 
centers of mass are the principal topics treated. The theory of 
partial and total derivatives and differentials is treated in 
considerable detail and one sees a trace of humor in the closing 
remark, “We repeat ... that small advantage accrues 
from the use of differentials. They are relics of the early 
days of the calculus, and as the reader is probably now ready 
to admit (italics mine) constitute for the beginner an obstacle 
to the understanding of the calculus rather than an aid. 
Nevertheless they are in almost universal use and it is therefore 
necessary that the student of mathematics become thoroughly 
familiar with them.” Teachers may differ as to the utility 
of this relic. Such topics as work, fluid pressure, and center 
of pressure are omitted. Itis doubtless true that these subjects 
strengthen very slightly the grasp of the student on the 
principles and methods of the calculus, as the mathematics 
is lost sight of in struggling with the ideas of physics and 


202 SHORTER NOTICES. [Jan., 


mechanics involved. The moment of inertia integral is 
also not introduced at all, and center of mass is defined as an 
integral, without any physical interpretation or derivation. 

Book V, of 72 pages, is devoted to a few special topics, 
chiefly to Taylor’s and MacLaurin’s theorems, De Moivre’s 
theorem, hyperbolic functions, integration of rational fractions, 
and envelopes. Many teachers doubtless prefer to take up 
some of these topics earlier, to which the author would cer- 
tainly not object, as they are collected in this rather hetero- 
geneous book for convenience of omission or inclusion. The 
devotion of a few pages to such an important formula as 
De Moivre’s theorem seems justified, although it is omitted 
from most texts in common use. The treatment of Taylor’s 
theorem possesses peculiar clearness and charm. Based 
primarily on the extension of the law of the mean, the 
development is first in the finite form where the remainder is 
retained and discussed, and then in the infinite form, applying 
of course only when the series is convergent,—a treatment 
which certainly tends to clearness. The caustic is a leading 
example of an envelope. 

Book VI is entitled “ An Introduction to Ordinary Dif- 
ferential Equations,” and the subject is admirably treated 
within the limits of 30 pages. It is vastly more than a mere 
tabulation of methods of solving certain types of differential 
equations. A half dozen pages are devoted to clearing up the 
ideas involved in such terms as “solution of a differential 
equation,” “ particular integral,” ‘“ complete primitive,” and 
the like. Then all classes of equations ordinarily met by 
students in applied mathematics are treated, with illustrative 
examples. Clairaut’s equation is given largely as a curiosity. 
It would seem to the reviewer that it would have been worth 
while to explain in somewhat more detail the special method 
of solving linear differential equations of the first degree 
when the right hand member contains a term which is also 
a term of the complementary function, as it would throw 
added light on the whole topic. The remarks by the author 
on this subject (page 446) are scarcely as full as the student 
will need to make them truly enlightening. 

Professor Hulburt has, as is clear from the above outline, 
attacked the problem of producing a text book suitable for 
both colleges and engineering schools with characteristic 
vigor. Whether the course be one to finish off the mathe- 
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matical studies of the college student, or to mark the com- 
pletion of formal mathematics for the prospective engineer, 
or be but the stepping stone to further advanced study for the 
mathematical student, the arrangement and the presentation 
in this volume will materially aid the teacher and student. 
There is sufficient of the spirit of research and rigorous analysis 
to meet the demands of the last class, while the necessities 
of the others have not been neglected. The lists of problems 
are of sufficient variety and extent to meet all ordinary re- 
quirements. It will be quite clear to the careful reader that 
both in illustrations and in exercises, the author has avoided 
those examples which, however interesting in themselves, 
present their greatest difficulty or interest because of the 
dynamics, physics, or other science involved, and beyond that 
shed little or no new light on the methods of the calculus. 
In fact the field of dynamics is entirely avoided. On the other 
hand the author does not attempt to conceal or minimize the 
real difficulties of calculus by employing trivial examples. 
The answers to all exercises are conveniently assembled at the 
end of the text. The index is exceptionally complete. There 
is no doubt but that this text will be a valued addition to the 
teacher’s library and will find a deserved admission into many 


class rooms. 
D. D. Let. 


Theorie der Zahlenrethen und der Reihengleichungen. By 
AnprEAs Vorct. Leipzig, Géschen, 1911. viii + 133 pp. 
THE two fundamental ideas which underlie this work are 

the following: 

1. Instead of considering a number as isolated, one may think 
of it as belonging to a sequence. Thus the question as to 
whether b is divisible by a is the question as to whether b 
belongs to the sequence ---, — 2a, — a, 0, a, 2a, --- 

2. Instead of expressing an integer N as a polynomial in 
x of the form 


N = + aya™ + + anit t+ an, 
one may write it in either of the forms 
N = — 1) --- —n +1) 
+ byx(e — 1) n+ 2) + + du, 


N = + 1) +n — 1) 
+ +1) @tn— 2) + + Cn. 


204 NOTES. [Jan., 


These ideas are not new; but the author has sought to make 
a systematic use of them in developing a theory of number 
sequences. Two such fundamental number sequences are 
considered, each of which is a generalization of a sequence of 
binomial coefficients. Several important sets of numbers 
can be expressed in terms of these fundamental sequences, 
as for instance the set of figurate numbers in which the rth 
term of the nth row equals the sum of the first r terms of the 
(n — 1)th row, the first row being 1, 0, 0, ---. A general 
theory of the two fundamental sequences is developed and 
the results are applied to several questions in number theory; 
as, for instance, the solution of congruences and diophantine 
equations. The methods employed are such that they cannot 
be explained briefly. 

R. D. CARMICHAEL. 


NOTES. 


BEGINNING with volume 20 (1913), the American Mathe- 
matical Monthly will be in charge of an editorial board com- 
posed of representatives of nine supporting institutions, 
together with Professor B. F. Finxet, the founder of the 
journal and editor since its inception in 1894. The con- 
tributing institutions are Colorado College and the Universities 
of Chicago, Illinois, Missouri, Minnesota, Nebraska, Kansas, 
Indiana, and Iowa. The editorial representatives are Pro- 
fessors Casor1, H. E. Staucut, G. A. MILLER, 
E. R. Heprick, W. H. Bussey, W. C. Brenxe, C. H. Asuton, 
R. D. CarmicHaEL, and R. P. Baker. The managing editor 
is Professor Slaught. 

It will be the editorial policy of the Monthly to make a 
strong appeal to the great body of teachers in the collegiate 
and advanced secondary fields, not only directing attention 
to questions of improvement in teaching but also fostering 
the development of the scientific spirit among large numbers 
who are not now reached by the more highly technical journals. 
The publication of original papers will be continued, but greater 
attention than heretofore will be given to pedagogical and 
historical questions of interest and value to teachers of col- 
legiate mathematics. An index of volumes 1-19 will soon be 
issued. 
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Tue annual meeting of the London mathematical society 
was held on November 14, 1912. The following papers were 
presented: By H. F. Baker, presidential address, “Recent 
advances in the theory of surfaces”; by A. B. Grieve, “Some 
properties of cubic surfaces ”; by W. H. Younc, “The de- 
termination of the summability of a function by means of its 
Fourier constants”; by W. Burnsmpe, “Groups of linear 
substitutions of finite order which possess quadratic invariants” ; 
by J. B. Hott, “The irreducibility of Legendre’s polynomials ”’ ; 
by E. W. Hosson, “The representation of a summable function 
by means of a series of finite polynomials”; by E. Cunnine- 
HAM, “The theory of functions of real vectors.” 

Professor A. E. H. Love was chosen president of the society 
for the coming year. 


At the meeting of the Edinburgh mathematical society 
on November 8 the following papers were read: By H. S. 
CarsLaw, “Integral equatiuns and the determination of 
Green’s function in the theory of potential”; by F. E. Epwarps, 
“On a certain infinite expansion”; by Mr. SwaMINARAYAN, 
“A determinantal proof of Ptolemy’s theorem.” 


Tue third annual meeting of the Schweizerische Mathe- 
matische Gesellschaft was held at Altdorf during the week 
beginning September 10, 1912, under the presidency of 
Professor R. von FvETER and in affiliation with the annual 
meeting of the Swiss association of science. Professor H. 
FEHR was chosen president for the ensuing year. The fol- 
lowing papers were presented at the meeting: “Ueber die 
Einteilung der Idealklassen in Geschlechter,” by R. von 
Fueter; “Ueber Ponceletsche Polygone,” by — BiitzBERGER; 
“Projektiver Beweis der absoluten Parallelkonstruktion von 
Lobatschefskij,” by M. GrossMANN; “Sur quelques problémes 
concernant le jeu de trente et quarante,” by D. Mrrimanorr; 
“Ueber Gruppen algebraischer Funktionen,” by O. Spress; 
“Sur les singularités des surfaces,” by G. Dumas; “ Unicité 
du développement d’une fonction en série de polynémes de 
Legendre et expression analytique des coefficients de ce dé- 
veloppement,” by M. PLANcHEREL; “Nouveaux modéles 
de mouvement pour I|’enseignement de la géométrie,” by J. 
ANDRADE; “ Kinematische Untersuchung,” by E. MEIssNER; 
“Ueber eine besondere konforme rationale Transformation 
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in der Ebene,” by A. Emcu; “Continuité et discontinuité” 
and “Sur le mouvement le plus général d’un fluid dans 
lespace,” by R. vE Saussure; “Der Stand der Herausgabe 
der Werke Leonhard Eulers,” by F. Rupio; “L’état des 
travaux de la commission internationale de |’enseignement 
mathématique et de la sous-commission suisse,” by H. Fer. 


Tue firm of Martin Schilling in Leipzig has announced 
two new series of models: one is a combined gyroscope and 
pendulum, and the other consists of three cardboard models 
of the Bessel functions with complex argument. 


Tue Carnegie Institution of Washingon, of Washington, 
D. C., announces the following books in press: H. W. StaGeEr, 
“‘A Sylow factor table for the first twelve thousand numbers, 
giving the possible number of subgroups under Sylow’s theorem 
of a group of given order between the limits of 0 and 12,000”; 
D. N. Lexmer, “Tables giving a complete list of the prime 
numbers between the limits 1 and 10,006,721.” 


TuE following list, compiled from the “ Jahres-Verzeichnis 
der an den Deutschen Universitaten erschienenen Schriften,” 
volume 26, comprises the list of successful candidates for 
doctorates in mathematics in the German universities for 
the academic year 1910-11. The list is incomplete in omitting 
the names of candidates whose dissertations were unpublished 
before the volume appeared, early in 1912. The title of the 
dissertation, number of pages, date of publication, and name 
of the chairman of the examining committee are added. 


Berlin. 
Mintz, Cu.: “Zum Randwertproblem der partiellen Differ- 
entialgleichung der Minimalflichen.” 34 pp. Oct. 1, 1910. 
Schwarz. 


Remak, R.: “Ueber die Zerlegung der endlichen Gruppen in 
direkte unzerlegbare Faktoren.” 20 pp. Feb. 25, 1911. 
Frobenius, Schwarz. 


STEINBACHER, F.: ‘‘Abelsche KG6rper als Kreisteilungs- 
kérper.” 16 pp. Dec. 14, 1910. Frobenius, Schwarz. 


Bonn. 


Bris, M.: “Zur Theorie der desmischen Flachen vierter 
Ordnung.” v+48pp. Nov. 23,1910. Study. 
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Breslau. 


Koser, H.: “ Konjugierte kinetische Brennpunkte.” 77 pp. 
Nov. 23, 1910. Kneser. 


Freiburg. 
Montrort, P.: “Die Auflésung der numerischen Glei- 
chungen nach Fourier.” 81 pp. 1911. Liiroth. 


Giessen. 

Cuamsrfé, A.: “ Darstellung von Faktoren ganzer Funktionen 
durch Kovarianten.” 36 pp. Nov. 7, 1910. Pasch. 

DrescHEeR, E.: “Ueber geometrische Darstellung von 
Gruppen.” 22 pp. Feb. 6, 1911. Netto. 

ScHREITER, Fr.: “Ueber das kombinatorische Produkt 
von vier Kollineationen im Raum und die Apolaritat kol- 
linearer Verwandschaften auf allen Stufen.”” 60pp. April 12, 
1911. Pasch. 

Seeman, H.: “Projektive Verallgemeinerung metrischer 
Begriffe.” 24 pp. Sept. 21,1910. Pasch. 

TuaeEr, Fr.: “Analytische Beitrige zur Lehre vom Kegel- 
schnittsystem (3p, 1l).” 28 pp. April 15,1911. Pasch. 

VarErTING, Marre: “Zur Transformation der vielfachen 
Integrale.” 35 pp. Oct. 22,1910. Pasch. 

Wo irr, G.: “Ueber Kollineationen in der Ebene.”’ 60 pp. 
Sept. 21, 1910. Pasch. 


Gé ttingen. 

Beurens, W.: “Ein der Theorie der Laval-Turbine ent- 
nommenes mechanisches Problem, behandelt mit der Him- 
melsmechanik.”” 58 pp. May 10, 1911. Klein. 

Funk, P.: “Ueber Flachen mit lauter geschlossenen geo- 
datischen Linien.” 22 pp. Aug. 1, 1911. Hilbert. 

GRELLING, K.: “ Die Axiome der Arithmetik mit besonderer 
Beriicksichtigung der Beziehungen zur Mengenlehre.” 26 pp. 
Nov. 29, 1910. Hilbert. 

Hecke, E.: “Zur Theorie der Modulfunktionen von zwei 
Variabeln und ihrer Anwendung auf die Zahlentheorie.” 
37 pp. Nov. 15, 1910.- Hilbert. 

Hremewz, K.: “Die Grenzschicht an einem in der gleich- 
formigen Fliissigkeitsstrom eingetauchten geraden Kreis- 
zylinder.” 21 pp. Aug. 5, 1911. Prandtl. 
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Hurwitz, W. A.: “Randwertaufgaben bei Systemen von 
linearen partiellen Differentialgleichungen erster Ordnung.” 
97 pp. Oct. 30,1910. Hilbert. 

Miutenpyck, O.: “Klassification der regelmassigsym- 
metrischen Flaichen fiinfter Ordnung.” iv + 60 pp. March 
30,1911. Hilbert. 

REINSTEIN, E.: “Untersuchung iiber die Transversalschwin- 
gungen der gleichférmig gespannten elliptisch oder kreis- 
férmig begrenzten Vollmembran und Kreisringmembran, 
sowie von Vollkreis- und Kreisringmembranen mit nach 
speziellen Gesetzen variierter ungleichférmiger Spannung.” 
133 pp. May 8, 1911. Voigt. 

Sremuaus, H.: “Neue Anwendungen des Dirichlet’schen 
Prinzips.” 45 pp. Aug. 7, 1911. Hilbert. 

Wiener, Fr. W.: “Elementare Beitrige zur neueren Funk- 
tionentheorie.” 40 pp. Aug. 4, 1911. Landau. 


Halle. 


Barucu, A.: “ Ueber die Differentialrelationen zwischen den 
Thetafunktionen eines Arguments.” 34 pp. Sept. 26, 1910. 
Cantor. 

Becker, K.: “ K6rper grésster Anziehung auf ein und zwei 
Ellipsoide von n Dimensionen.” vi+ 55 pp. Nov. 10, 
1910. Gutzmer. 

Boetk, P.: “Darstellung und Priifung der Merkurtheorie 
des Claudius Ptolemaeus.” 40 pp. Feb. 22, 1911. Wan- 
gerin. 

JitHe, O.: “Die Schmiegungskugel einer Flichenkurve.” 
42 pp. Sept. 8, 1910. Wangerin. 

Liners, O.: “Ueber orthogonale Invarianten der bizirku- 
laren Kurven vierter Ordnung.” 58 pp. Sept. 12, 1910. 
Gutzmer. 


Heidelberg. 


Person, K.: “Die invarianten Gebilde erster Ordnung bei 
projektiven Transformationen der Ebene und des Raumes mit 
Anwendung auf die Klassifikation der eingliedrigen projektiven 
Gruppen der Ebene und des Raumes.” 45 pp. Aug. 3, 1911. 
KGnigsberger. 


Wirrtsack, P.: “Ueber das identische Verschwinden der 
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Hauptgleichungen der Variation vielfacher Integrale.” 30 
pp. Jan. 13,1911. Ké6nigsberger. 


Jena. 
FenveEr, W.: “Zur Theorie von verallgemeinerten Bernoul- 
lischen und Eulerschen Zahlen.” 58 pp. July 4, 1911. 
Haussner. 


Kénigsberg. 
Mertens, P.: “Ueber gewisse raumliche Punktmengen, die 


sich als stetige Flachen auffassen lassen.” 86 pp. Oct. 17, 
1910. Schoenflies, Meyer. 


Leipzig. 

Miter, W.: “Die rationale Kurve fiinfter Ordnung im 
fiinf-, vier-, drei- und zweidimensionalen Raum.” 100 pp. 
Jan. 20,1911. Rohn, Hélder. 

Pickert, E.: “Verallgemeinerung der Untersuchungen von 
Gauss iiber das arithmetisch-geometrische Mittel.” 67 pp. 
May 30, 1911. Hélder, Rohn. 

RosENHAUER, K.: “Die oscillatorische Bewegung einer 
Kreisscheibe im Innern einer festen Cylinderflache.” 46 pp. 
Jan. 19,1911. Neumann, Rohn. 


Marburg. 


ScHWANTKE, C.: “Ueber den axiomatischen Aufbau einer 
Geometrie linearer Kugelsysteme.” 42 pp. Sept. 19, 1910. 
Hensel. 


Miinster. 

Joacuimi, O.: “Ueber Kurven, bei denen die beiden Kriim- 
mungen durch eine quadratische Beziehung verkniipft sind.” 
57 pp. March 16,1911. von Lilienthal. 

Keisker, L.: “ Beitrige zu den Anwendungen der Theorie 
der unendlich kleinen Schraubungen auf Raumkurven.” 
44 pp. Oct. 15, 1910. von Lilienthal. 

Krart, K.: “Das Normalenproblem an Kurven und Flachen 
zweiter Ordnung in den endlichen Raumformen.” 32 pp. 
March 2, 1911. Killing. 

Reckers, O.: “Untersuchungen iiber Kurvennetze ohne 
Umwege.” 50 pp. July 25, 1911. von Lilienthal. 
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Rostock. 

BieIcHER, K.: “Zur Theorie der iibergeschlossenen Gelenk- 
systeme.”’ 75 pp. June 10,1910. Staude. 

BLENcK, G.: “ Untersuchungen iiber das Amiotsche Theorem 
bei den Flachen zweiter Ordnung und iiber Erzeugungsarten 
des elliptischen Kegels.”” 91 pp. March 16,1911. Staude. 

GEISSLER, J.: “ Die Gleichgewichtsbedingungen der Raum- 
mechanik mit besonderer Beriicksichtigung der elektrischen, 
magnetischen und Gravitationserscheinungen.” 86 pp. 
March 2, 1911. Weber. 


Strassburg. 

Finzet, A.: “Die Lehre vom Filacheninhalt in der allge- 
meinen Geometrie.” 46 pp. Feb. 22, 1911. Schur. 

Guaser, F.: “‘ Ueber die Galoissche Gruppe der Gleichung 
16. Grades, von der die 16 Knotenpunkte der Kummerschen 
Fliche 4. O. abhingen.’’ 30 pp. Feb. 27, 1911. Weber. 

Hartwiee, O.: “Konstruktion der Hauptachsen des Ellip- 
soides aus drei konjugierten Durchmessern.” 17 pp. Nov. 7, 
1910. Schur. 

Ku, P.: “ Beitrage zum Fundamentalproblem der Flachen- 
theorie.” 49 pp. Nov. 14, 1910. Schur. 

Meyer, S.: “Struktureigenschaften der projektiven In- 
varianten von Formen mit n Variabeln.” 43 pp. Dec. 15, 
1911. Weber. 

Monr, R.: “Die Bertrandschen Kurven in der Theorie der 
Normalensysteme.” 38 pp. Feb. 22, 1911. Schur. 

ScumepEs, W.: “Analytische Behandlung der Bewegungen 
im nichteuklidischen Raume.” 33 pp. Dec.9,1910. Schur. 


Wiirzburg. 

ENGELHARDT, Pu.: “Untersuchungen iiber die im Schluss- 
wort des Lie’schen Werkes ‘Geometrie der Beriihrungstrans- 
formationen’ angedeuteten Probleme.” 65 pp. Jan. 18, 
1911. Rost. 

Havpt, O.: “Untersuchungen iiber Oszillationstheoreme.” 
50 pp. June27,19i1. Rost. 


Tue philosophical faculty of the University of Géttingen 
announces the following problem for the Beneke prize for 
1915: 
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A complete discussion of the problem of viscous motion 
from the standpoint of hydrodynamics. The discussion, either 
theoretical, experimental or both, should advance our 
present knowledge of the resistance offered to the motion 
of a solid in a fluid and the resistance to fluid motion in 
tubes and canals. Competing memoirs may be written 
in any modern language, should be signed with a motto, and 
must be received by the faculty by August 31, 1914. The 
major prize will be M. 1,700 and the minor M. 680. 


Tue Copley medal of the Royal Society has been awarded 
to Professor F. Kiem “for his researches in mathematics.” 


Dr. K. Barret has been appointed docent in geometry 
in the technical school at Lemberg. 


Dr. E. Hecke has been appointed docent in pure mathe- 
matics in the University of Géttingen. 


Dr. KapERAvVEK has been appointed docent in synthetic. 
geometry in the Bohemian technical school of Prague. 


At the University of Munich the following changes have 
been made: Dr. F. Hartogs has been promoted to an associate 
professorship; Dr. A. RosENTHAL has been appointed docent; 
Dr. H. Dincier has been appointed docent in the history 
and teaching of mathematics. 


Dr. J. V. E. WestTFALL, of the Equitable life assurance 
society, has been promoted to the position of acting third 
vice-president. ._Dr. Westfall was formerly assistant professor 
of mathematics in the University of Iowa. 


THE announcement in the Notes of the December BULLETIN 
that Mr. G. H. Atsricut had been appointed exchange pro- 
fessor to Harvard University proves to be inexact. 


At the close of the present academic year Professor W. E. 
Byer Ly, of Harvard University, will retire from active service 
with the title of professor emeritus. 


Tue death is announced of Professor G. LANDSBERG, of 
the University of Kiel, on September 14, 1912, at the age of 
47 years. 


w 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Amster (A.) und Rupio (F.). J. Amsler-Laffon. Mit Bildnis. Ziirich, 
Ziircher und Furrer, 1912. 


Arcais (F. D’). Analisi infinitesimale. 3a edizione, con modificazioni 
ed aggiunte. VolumeI. Padova, Draghi, 1912. 8vo. sah 


BreiiocrapHy, Russian, of science and mathematics. Volume 5 (1906). 
Petersburg, 1912. 8vo. 196 pp. 


Bsérstept (P. T.). De exakta z-virdet jamte en ny polygonteori. 
Stockholm, 1912. 8vo. 92 pp. M. 3.00 


Bécer (R.). Symmetrische Involutionen und fokal getrennte Geraden. 
(Progr.) Beilstein, 1912. 56 pp. 


Borto (A.). Soluzione geometrica del problema relativo alla duplicazione 
del cubo. Torino, 1912. 8vo. 13 pp. L. 1.25 


Buraui-Fort1 (C.). Corso di geometria analitico-proiettiva. Torino, 
Gallizio, 1912. 8vo. 7+268 pp. 


Casa (F.). Ueber die Normalen konfokaler Kegelschnitte. (Progr.) 
Prag-Kleinseite, 1912. 8vo. 13 pp. 


Dauwat (B.). Die Theorie der Parallelflichen einer gegebenen Fliche 
mit besonderer Beriicksichtigung der Parallelflachen von Regelflachen. 
(Progr.) Halli. T., 1912. 8vo. 39 pp. 


Ecuots (W. H.). Investigation of the value of an infinite series on the 
boundary of the region of convergence. Charlottesville, Va., 1911. 
8vo. 13 pp. $0.25 


—. On a certain quadratic form, with its geometric and kinematic 
interpretations. Charlottesville, Va., 1912. 8&vo. 12 pp. 


——. On the maximum and minimum values of a linear function of the 
radial coordinates of a point with respect to a simplicissimum in space 
of n dimensions. Charlottesville, Va., 1910. 8vo. 40 pp. $0.90 


Favaro (A.). Archimede. Genova, Formiggini,19)Z. 16mo. 83 pp. 


Festscurirt Heinrich Weber. Zu seinem 70. Geburtstage am 5. 
Marz 1912. Gewidmet von seinen Freunden und Schiilern. Leipzig, 
Teubner, 1912. 8vo. 8+500 pp. M. 24.00 


Fucus (C. A.). Die Ahnlichkeitsbezichungen zweier und mehrerer Kreise. 
Komotau, 1911. 8vo. 23 pp. 


Gav (E.). SurVlintégration des équations aux dérivées partielles du second 
ordre par la méthode de Darboux. Paris, 1911. 4to. 123 pp: 


7.50 
Grawe (D.}. Encyclopedia of mathematics. A sketch of the present 
state of the science. (Russian.) 1911. 8vo. 661 pp. $2.00 


Gyr (W. X.). Die Polaren der Lemniskate. Bern, 1911. S8vo. Be 
. 2.50 
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Hammer. (F. X.). Der grosse 
Hilfe eines Modells. Niirnberg, 1912. 8vo. 16 pp. M. 0.60 


Hénicswatp (R.). Zum Streit iiber die Grundlagen der 
Heidelberg, 1912. 8vo. 2.60 
Hurtcuinson (J. 1.). See Snyper (V.). 


JaniszEwskI (S.). Sur les continus irréductibles entre deux points. Paris, 
1911. 4to. 99 pp. Fr. 6.00 


Just (W.). Ueber den Biischel kubischer Raumkurven auf einer Fliche 
soeten Grades durch vier ihrer Punkte. (Diss.) Breslau, 1912. 
vo. pp. 


sae me (J. N.). New elements of geometry, with a complete 
theory of parallels. With a biographical sketch. (Russian.) Char. 
soe 1912. 8vo. 234 pp. 


Marca (R. La). Critert di congruenza e critert di divisibilita; va 
vari. Torre del Greco, Pantaleo, 1912. 8vo. 30 pp. 


Meyer (F.). Diskussion eines Systems von Rotationsflachen 2ten Grades. 
Bern, 1911. 8vo. 71 pp. M. 2.00 


(P.). Geometrische Interpretation linearer Abhangigkeiten 
und ihre ae auf endliche und unendliche lineare Gleichungs- 


systeme. (Diss.) Ziirich, 1910. .8vo. 120 pp. M. 3.00 
—— (Sir I.), The portrait medals of. Boston, Ginn, 1912. 8vo. 
pp. 


Onprazex (H.). Der Dirichletsche Satz tiber die lineare Funktion im 

eal der Determinante +5. (Diss.) Wien, 1911. 8vo. 
pp. 

OrroLeNnGui (B.). Coesistenza e identita dei limiti di Hélder e di Cesaro. 
Padova, Prosperini, 1912. 8vo. 16 pp. 

Pun (J.). Seven follies of science. 3d edition, — enlarged. New 
York, Van Nostrand, 1912. 12mo. 9+231 p $1.25 

Pras (H. M.). De functionaalvergelijking van - opgelost met 
behulp van cosinusreeksen. (Diss.) Groningen, 1911. 8vo. 114 
pp. 

Roscuin (P.). Memoirs on the differential and integral calculus. Part 
II: Integral calculus. (Russian.) Petersburg, 1912. 8vo. ae PP. 


Roupio (F.). See Amster (A.). 
(B.). See Wuireneap (A. N.). 


Snyper (V.) and Hurcuinson (J. I.). Elementary textbook on the cal- 


culus. New York, American Book Co.,1912. 12mo. 384pp. Half 
leather. $2.20 


Sracer (H. W.). On numbers which contain no factors of the form 
p(kp +1). Berkeley, University of California, 1912. 8vo. “ir. 


Sytvester (J. J.). Collected mathematical papers. In about 5 volumes. 
IV (1882-97). Cambridge, University Press, 1912. 
oth. 


Usar (G.). Su due inviluppi piani. Pavia, Mattei, 1912. 8vo. 7 pp. 
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Vauue (A.). Tesi svolti di matematica. Napoli, Tambelli, 


84 pp. 


Wanssorovucs (W.D.). The ABC “4 differential calculus. 3d edition. 
London, Technical Publishing Co., 1912. 12mo. 12-4148 PP. 


loth. 
Weser (H.). ,Lebrbuch der Algebra. 2te Auflage, Iter Band. Neuer 
Abdruck. }Braunschweig, Vieweg, 1912. 8vo. 15+704 PP 
Weicex (J.). Ueber die gestaltlichen Verhiltnisse der In urven 
einer Differentialgleichung erster Ordnung zweiten G in der 


Umgebung eines Doppelpunktes der (Diss.) 
Miinchen, 1912. 4to. 64 pp. 

Wetscu (J.). Ueber das durch die gemeinsamen Tangenten zweier 
Flichen 2ter Ordnung bestimmte Nullsystem. (Diss.) Erlangen, 
1912. 8vo. 107 pp. 

Wuireneap (A. N.) and (B.). Principia mathematica. 3 
volumes. Volume II: Cardinal and relation arithmetic; series. 
Cambridge, University Press, 1912. S8vo. 34+772pp. Cloth. 30s. 


WHITFORD 
8vo. 


Ascot (G.). 
10+237 pp. 


Bares (E. L.) and (F.). Practical geometry and 
London, Batsford, 1912. S8vo. 632 pp. 


Beaven (C. L.). Solutions of the exercises in ow and Siddons’ wi 
geometry. New York, Putnam, 1912. 8vo. $1.50 


Berry (A. J.). Visual and observational arithmetic. London, ar 


1912. 


BoaRD OF EDUCATION. a reports on educational subjects. No. 12: 
Mathematics with re 


1912. 


—. No. 
1912. 


—. No. 


—. No 


—. No. 
—. No. 


Borcuarpt (W. G.) and Newton (C.). Key to elementary algebra. 
London, Rivingtons, 1912. 8vo. 10s. 


Bricke (F.). Aufgaben aus der analytischen Geometrie, I. (Progr.) 
Breslau, 1912. 4to. 16 pp. 


CHARLESWORTH (F.). 


193 pp. 


13: Teaching of arithmetic in secondary schools. aro 
14: Examinations. London, 1912. 3d. 
. 15: Educational value of geometry. London, 1912. 1)4d. 
16: A school course in advanced geometry. London, ised 
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(E. E.). The Pell equation. New York, Whitford, 1912. 


II. ELEMENTARY MATHEMATICS. 
Complementi di geometria. Livorno, Giusti, >. 


8vo. 178 pp. 


tion to engineering work in schools. —_— 


17: Mathematics at Osborne and Dartmouth. London, br 


See Bares (E. L.). 
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(G.). Caleolo dei radicali. Catania, Giannotta, 1912. 8vo. 
pp. 


Converse (H. A.). See Durett (F.). 
Durett (F.). Introductory Algebra. New York, Merrill, 1912. 12mo. 
286 pp. $0.60 


—. = and spherical trigonometry; with chapters on plane surveying 
by H A. Converse. New York, Merrill, 1912. 8vo. dla PP: 
1.40 


FetpMan (D. D.). See (C. A.). 


Frattini (G.). Lezioni di algebra, geometria e trigonometria. Volume 
II. Torino, Paravia, 1912. 8vo. 7+211 pp. L. 4.00 


Gate (A.S.). See (P. F.). 


Harr (C. A.) and FetpMan (D. D.). Solid geometry. With the editorial 
coéperation of V. Snyder and J. H. Tanner. New York, American 
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Marsa (H. W.). Constructive textbook of practical mathematics. 
Volume I: Industrial mathematics. New York, Wiley, 1912. 8vo. 


eye (M.) and others. American civil engineer’s pocket book. 
2d edition, enlarged. New York, Wiley, 1912. 16mo. 1483 pp. 
Morocco. $5.00 


Ricker (N.C.). A treatise on the design and construction of roofs. New 
York, Wiley, 1912. 8vo. 12+432 pp. Cloth. $5.00 


218 NEW PUBLICATIONS. [Jan., 1913.] 


Ripper (W.). Steam-engine in theory and practice. 6th edition. New 
York, Longmans, 1912. 8vo. 12+490 pp. Cloth. $2.50 
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